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❞❡ ❛♠♣❧✐t✉❞❡ ✜♥✐t❛ ② ❢♦r♠❛ ✜❥❛ s♦♥ ♣♦s✐❜❧❡s✱ ♣❡r♦ ❛♣❡♥❛s ❡♥ ❛❣✉❛s ♣r♦❢✉♥❞❛s ② s♦❧❛♠❡♥t❡ ❡♥
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♠❡♥t♦s ♣❛r❡❝❡♥ t♦r♥❛r ❡st❛ ❝♦♥❝❧✉s✐ó♥ ♣r♦❜❛❜❧❡✳ ❈❛s♦ ❡sté ❝♦rr❡❝t♦✱ ❡❧ ❝❛rá❝t❡r ❛♥❛❧ít✐❝♦ ❞❡ ✉♥❛

♦♥❞❛ s♦❧✐t❛r✐❛ ❝♦♥t✐♥✉❛ ♣✉❡❞❡ s❡r ❞❡s❝✉❜✐❡rt♦✳✧

❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ❝♦♥ ❧❛ ✜♥❛❧✐❞❛❞ ❞❡ ❝♦♥✈❡♥❝❡r ❛ ❧❛ ❝♦♠✉♥✐❞❛❞ ❢ís✐❝❛✱ ❙❝♦tt ❘✉ss❡❧❧ ❞❡s❛✜ó ❛
❧❛ ❝♦♠✉♥✐❞❛❞ ♠❛t❡♠át✐❝❛ ♣❛r❛ ❞❡♠♦str❛r t❡ór✐❝❛♠❡♥t❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡❧ ❢❡♥ó♠❡♥♦ q✉❡ ❡❧ t❡st✐✜❝ó✿

✏❍❛❜✐❡♥❞♦ ❝♦♠♣r♦❜❛❞♦ q✉❡ ♥❛❞✐❡ ❤❛ ❧♦❣r❛❞♦ ♣r❡✈❡r ❡❧ ❢❡♥♦♠❡♥♦ q✉❡ ♠❡ ❛✈❡♥t✉ré ❛ ❧❧❛♠❛r

♦♥❞❛s ❞❡ tr❛s❧❛❝✐ó♥ ✳✳✳ ♥♦ ❡r❛ ❞❡ s✉♣♦♥❡r q✉❡✱ ❞❡s♣✉és ❞❡ q✉❡ s✉ ❡①✐st❡♥❝✐❛ ❤❛②❛ s✐❞♦ ❞❡s❝✉❜✐❡rt❛

② s✉s ❢❡♥ó♠❡♥♦s ❞❡t❡r♠✐♥❛❞♦s✱ ❧♦s ❡s❢✉❡r③♦s ♥♦ s❡rí❛♥ ❤❡❝❤♦s ✳✳✳ ♣❛r❛ ♠♦str❛r ❝ó♠♦ ❡❧❧❛ ❞❡❜❡rí❛

❤❛❜❡r s✐❞♦ ♣r❡✈✐st❛ ❛ ♣❛rt✐r ❞❡ ❝♦♥♦❝✐❞❛s ❡❝✉❛❝✐♦♥❡s ❣❡♥❡r❛❧❡s ❞❡❧ ♠♦✈✐♠✐❡♥t♦ ❞❡ ✢✉í❞♦✳ ❊♥ ♦tr❛s

♣❛❧❛❜r❛s✱ ❛❤♦r❛ q✉❡❞ó ♣❛r❛ ❧♦s ♠❛t❡♠át✐❝♦s ❡❧ ❞❡s❝✉❜r✐♠✐❡♥t♦✱ ❡s ❞❡❝✐r✱ ♣❛r❛ ❞❛r ✉♥❛ ❛ ♣r✐♦r✐

❞❡♠♦str❛❝✐ó♥ ❛ ♣♦st❡r✐♦r✐ ✧✳

✈✐



❯♥❛ ❣r❛♥ ❝❛♥t✐❞❛❞ ❞❡ ✐♥✈❡st✐❣❛❞♦r❡s ❡♥❢r❡♥tó ❡❧ ❞❡s❛❢í♦ ♣r♦♣✉❡st♦ ♣♦r ❘✉ss❡❧❧✳ ▲♦s ♣r♦♣✐♦s
●❡♦r❣❡ ❆✐r② ② ●❡♦r❣❡ ❙t♦❦❡s s❡ ✐♥t❡r❡s❛r♦♥ ♣♦r ❡❧ ❛s✉♥t♦ ❞❡s❡♥✈♦❧✈✐❡♥❞♦ ② ❛♥❛❧✐③❛♥❞♦ ♣r✐♥❝✐♣❛❧✲
♠❡♥t❡ ❧♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❞❡ ❧♦s ❢❡♥ó♠❡♥♦s ♦❜s❡r✈❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ❡♥ ❧❛❜♦r❛t♦r✐♦s✳

❯♥❛ ❞❡ ❧❛s ❣r❛♥❞❡s ❝♦♥tr✐❜✉❝✐♦♥❡s ② r❡s♣✉❡st❛s ♣❛r❛ ❘✉ss❡❧❧ ❢✉❡ ❞❛❞❛ ♣♦r ❡❧ ♠❛t❡♠át✐❝♦
❢r❛♥❝és ❏♦s❡♣❤ ❇♦✉ss✐♥❡sq ♣♦r ✈✉❡❧t❛ ❞❡ ✶✽✼✶ ❬✹❪✳ ❊♥ ✶✽✼✻✱ ❡❧ ❢ís✐❝♦ ✐♥❣❧és ▲♦r❞ ❘❛②❧❡✐❣❤ ♦❜t✉✈♦
✉♥ r❡s✉❧t❛❞♦ ❞✐❢❡r❡♥t❡ ❬✸✹❪✱ ② ❡♥ ✶✽✾✺ ❧♦s ♠❛t❡♠át✐❝♦s ❤♦❧❛♥❞❡s❡s ❉✳ ❏✳ ❑♦rt❡✇❡❣ ② s✉ ❛❧✉♠♥♦ ●✳
❞❡ ❱r✐❡s ❞✐❡r♦♥ ❡❧ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ ❞❡❧ s✐❣❧♦ ✶✾ ❬✷✹❪✳ ❊♥ ✈❡r❞❛❞✱ ❇♦✉ss✐♥❡sq ❝♦♥s✐❞❡ró
✉♥ ♠♦❞❡❧♦ ❞❡ ♦♥❞❛s ❧❛r❣❛s ✐♥❝♦♠♣r❡♥s✐❜❧❡s ② ❞❡ r♦t❛❝✐ó♥ ❧✐❜r❡ ❡♥ ✉♥ ❝❛♥❛❧ ♣♦❝♦ ♣r♦❢✉♥❞♦ ❝♦♥
s❡❝❝✐ó♥ r❡❝t❛♥❣✉❧❛r ❞❡s♣r❡❝✐❛♥❞♦ ❧❛ ❢r✐❝❝✐ó♥ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❢r♦♥t❡r❛ ✭♣❛r❡❞❡s ❞♦ ❝❛♥❛❧✮✳❊❧ ♦❜t✉✈♦
❧❛ s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥

∂2h

∂t2
= gH

∂2h

∂x2
+ gH

∂2

∂x2

(
2h2

2H
+

H2

3

∂2h

∂x2

)
✱ ✭✶✮

❞♦♥❞❡ (t, x) s♦♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❞❡❧ ✢✉í❞♦ ❡♥ ❡❧ t✐❡♠♣♦ t✱ h ❡s ❧❛ ❛♠♣❧✐t✉❞ ❞❡
❧❛ ♦♥❞❛✱ H ❡s ❧❛ ❛❧t✉r❛ ❞❡❧ ❛❣✉❛ ❡♠ ❡q✉✐❧✐❜r✐♦ ② g ❡s ❧❛ ❝♦♥st❛♥t❡ ❣r❛✈✐t❛❝✐♦♥❛❧✳

▼✐❡♥tr❛s ❡s♦✱ ❘❛②❧❡✐❣❤ ❝♦♥s✐❞❡ró ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❡❧ ♠✐s♠♦ ❢❡♥ó♠❡♥♦ ② ❛❝r❡❝❡♥tó ❧❛ ❤✐♣ó✲
t❡s✐s ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ ♦♥❞❛ ❡st❛❝✐♦♥❛r✐❛ ❞❡s❛♣❛r❡❝✐❡♥❞♦ ❡♥ ❡❧ ✐♥✜♥✐t♦✳ ❊❧ ❝♦♥s✐❞❡ró ❛♣❡♥❛s
❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡s♣❛❝✐❛❧ ② ♦❜s❡r✈ó ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❛ ❡❝✉❛❝✐ó♥

(
∂h

∂x

)2

+
3

H3
h2 (h− h0) = 0✱ ✭✷✮

❝♦♥ h0 s✐❡♥❞♦ ❧❛ ❝r❡st❛ ❞❡ ❧❛ ♦♥❞❛ ② ❧♦s ♦tr♦s ♣❛rá♠❡tr♦s ❞❡✜♥✐❞♦s ❞❡ ❧❛ ♠✐s♠❛ ❢♦r♠❛ q✉❡
❇♦✉ss✐♥❡sq✳ ❊st❛ ❡❝✉❛❝✐ó♥ ♣♦s❡❡ ✉♥❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❡ s♦❧✉❝✐ó♥ ❞❛❞♦ ♣♦r

h (x) = h0 sech
2

(√
3h0
4H3

x

)
✳

❊♥ ✶✽✼✻✱ ❘❛②❧❡✐❣❤ ❡s❝r✐❜✐ó ❡♥ s✉ ❛rtí❝✉❧♦ ❬✸✹❪✿
✏❘❡❝✐❡♥t❡♠❡♥t❡ ✈✐ ✉♥ ❧✐❜r♦ ❞❡ ♠❡♠♦r✐❛s ❞❡ ❇♦✉ss✐♥❡sq✱ ❘❡♥❞✉s✱ ✈♦❧✳ ▲❳❳■■✱ ❡♥ ❡❧ ❝✉❛❧ ❝♦♥✲

t✐❡♥❡ ✉♥❛ t❡♦rí❛ ❞❡ ♦♥❞❛s s♦❧✐t❛r✐❛s ♠✉② s❡♠❡❥❛♥t❡ ❛ ❧❛s ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✳ ❊♥t♦♥❝❡s✱ ❡♥ ❧❛

♠❡❞✐❞❛ ❡♥ q✉❡ ♥✉❡str♦s r❡s✉❧t❛❞♦s s♦♥ ❝♦♠✉♥❡s✱ ❡❧ ❝ré❞✐t♦ ❞❡ ♣r✐♦r✐❞❛❞ ♣❡rt❡♥❡❝❡✱ ♥❛t✉r❛❧♠❡♥t❡✱

❛ ❏✳ ❇♦✉ss✐♥❡sq✧

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ✶✽✾✺✱ s✉r❣✐ó ❡❧ ❢❛♠♦s♦ ❛rtí❝✉❧♦ ❞❡ ❞♦s ❝✐❡♥tí✜❝♦s ❤♦❧❛♥❞❡s❡s✱ ❉✐❡❞❡r✐❦ ❑♦rt❡✇❡❣
② ●✉st❛✈ ❞❡ ❱r✐❡s✱ q✉❡ r❡❧❛t❛ ✉♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ s♦❜r❡ ♦♥❞❛s s♦❧✐t❛r✐❛s ♦❜s❡r✈❛❞♦ ♣♦r ❘✉ss❡❧❧✳
▲❛ ❢♦r♠❛ ♦r✐❣✐♥❛❧ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♣r✐♥❝✐♣❛❧ ❞❡❧ ❛rtí❝✉❧♦ ❡s

∂η

∂t
=

3

2

√
g

l

∂

∂x

(
1

2
η2 +

3

2
αη +

1

3
β
∂2η

∂x2

)
✱ ✭✸✮

❞♦♥❞❡ η ❡s ❧❛ ❡❧❛✈❛❝✐ó♥ ❞❡ ❧❛ s✉♣❡r✜❝✐❡ ❞❡❧ ❧íq✉✐❞♦ s♦❜r❡ s✉ ♥✐✈❡❧ ❞❡ ❡q✉✐❧✐❜r✐♦ l > 0✱ α > 0 ❡s
✉♥❛ ❝♦♥st❛♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❛❧ ♠♦✈✐♠❡♥t♦ ✉♥✐❢♦r♠❡ ✭♣r♦♣✉❧s✐ó♥ ❧✐♥❡❛❧✮ ❞❡❧ ❧íq✉✐❞♦✱ g > 0 ❡s ❧❛

❝♦♥st❛♥t❡ ❞❡ ❣r❛✈❡❞❛❞ ② β = l3

3 − T l
ρg ❡s ❧❛ ❝♦♥st❛♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❛ ❧❛s ❢✉❡r③❛s ❝❛♣✐❧❛r❡s ❞❡❧ t❡♥s♦r

T ② ❞❡ ❧❛ ❞❡♥s✐❞❛❞❡ ρ✱ ❝♦♥st❛♥t❡ ② ♣♦s✐t✐✈❛✳ ❊❧✐♠✐♥❛♥❞♦ ❧❛s ❝♦♥st❛♥t❡s ❢ís✐❝❛s ♣♦r ❧♦s ❝❛♠❜✐♦s ❞❡
✈❛r✐❛❜❧❡s

t →
1

2

√
g

lβ
t✱ x → −

x

β
❡ u → −

(
1

2
η +

1

3
α

)

s❡ ♦❜t✐❡♥❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ✭❑❞❱✮ ♣❛❞ró♥

ut + 6uux + uxxx = 0 ✭✹✮

✈✐✐



q✉❡ ❡s ✉♥ ♠♦❞❡❧♦ q✉❡ ❞❡s❝r✐❜❡ ❧❛ ♣r♦♣❛❣❛❝✐ó♥ ❡♥ ♣❡q✉❡ñ❛ ❛♠♣❧✐t✉❞ ❞❡ ♦♥❞❛s ❞❡ ❛❣✉❛s ♣♦❝♦
♣r♦❢✉♥❞❛s ❡♥ ✉♥ ❝❛♥❛❧ ❞❡ s❡❝❝✐ó♥ tr❛♥s✈❡rs❛❧ r❡❝t❛♥❣✉❧❛r✳

❊①✐st❡♥ ✐♥♥✉♠❡r❛❜❧❡s ❛♣❧✐❝❛❝✐♦♥❡s ❢ís✐❝❛s ② ♠❛t❡♠át✐❝❛s ❞❡ ❡st❡ ♠♦❞❡❧♦✱ ♣♦r ❡❥❡♠♣❧♦✱ ❈✳❙✳
●❛r❞♥❡r ② ●✳❑✳ ▼♦r✐❦❛✇❛ ❬✶✺❪ ❡♥❝♦♥tr❛r♦♥ ✉♥❛ ♥✉❡✈❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❡st❡ ♠♦❞❡❧♦s ❡♥ ❡❧ ❡st✉❞✐♦
❞❡ ♦♥❞❛s ❧✐❜r❡s ❞❡ ❝♦❧✐s✐ó♥ ❤✐❞r♦♠❛❣♥ét✐❝♦s ❝♦♥ ❧❛ ❡s♣❡r❛♥③❛ ❞❡ ❞❡s❝r✐❜✐r ❧❛ ♣r♦♣❛❣❛❝✐ó♥ ✉♥✐❞✐✲
r❡❝❝✐♦♥❛❧ ❞❡ ♦♥❞❛s ♣❡q✉❡ñ❛s ♣❡r♦ ❞❡ ❛♠♣❧✐t✉❞ ✜♥✐t❛ ❡♥ ✉♥ ♠❡❞✐♦ ❞✐s♣❡rs✐✈♦ ♥♦ ❧✐♥❡❛❧✳ ❆❞❡♠ás✱
▼✳ ❑r✉s❦❛❧ ② ◆✳ ❩❛❜✉s❦② ❬✹✹❪ ♠♦str❛r♦♥ q✉❡ ❧♦s ♠♦❞❡❧♦s ❞❡ ❡❝✉❛❝✐♦♥❡s ❑❞❱ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛
❞❡ ❋❡r♠✐✲P❛st❛✲❯❧❛♠ ❡s ❞❡s❝r✐t♦ ♣♦r ♦♥❞❛s ❧♦♥❣✐t✉❞✐♥❛❧❡s q✉❡ s❡ ♣r♦♣❛❣❛♥ ❡♥ ✉♥❛ r❡❞ ✉♥✐❞✐♠❡♥✲
s✐♦♥❛❧ ❞❡ ♠❛s❛s ✐❣✉❛❧❡s ❛❝♦♣❧❛❞❛s ♣♦r ♠❡❞✐♦ ❞❡ ♠✉❡❧❧❡s ♥♦ ❧✐♥❡❛❧❡s✳ ❖tr❛s ❛♣❧✐❝❛❝✐♦♥❡s ❤❛♥ s✐❞♦
❡♥❝♦♥tr❛❞♦s ❞❡s♣✉és ❞❡❧ ❞❡s❛❢í♦ ❞❡ ❘✉ss❡❧❧✱ t❛❧❡s ♠♦❞❡❧♦s r❡s✉❧t❛♥t❡s s♦♥ ❢♦❝♦s ❞❡ ❡st✉❞✐♦s ❤❛st❛
❡❧ ❞í❛ ❞❡ ❤♦②✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞ ♣❛r❛ ❊❉Ps ✲ Pr✐♥❝✐♣❛❧❡s ▼ét♦❞♦s ❯t✐❧✐③❛❞♦s

❊st❛♠♦s ✐♥t❡r❡s❛❞♦s ❡♥ ♦❜t❡♥❡r ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ② ❡st❛❜✐❧✐③❛❝✐ó♥ ♣❛r❛ s✐st❡♠❛s ❞✐s♣❡rs✐✈♦s
❣♦❜❡r♥❛❞♦s ♣♦r ❊❉Ps✳ ❱❛♠♦s ❛ ❝♦♠❡♥③❛r tr❛t❛♥❞♦ ❧♦s ✐♠♣♦rt❛♥t❡s ♣r♦❜❧❡♠❛s r❡❧❛t✐✈♦s ❛ ❝♦♥✲
tr♦❧❛❜✐❧✐❞❛❞✱ ❡❧❧♦s s♦♥✿ ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ✐♥t❡r♥❛ ② ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡♥ ❧❛ ❢r♦♥t❡r❛ ♣❛r❛ ❊❉Ps✳

▲♦s ✈❛r✐♦s ❝♦♥❝❡♣t♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞✱ q✉❡ ❝♦♥❝✉❡r❞❛♥ ❡♥ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛✱ ♣❡r♦ ♥♦ ❡♥
♠♦❞♦ ❣❡♥❡r❛❧ ♣❛r❛ ❧❛s ❊❉Ps✱ s♦♥ ✐♥tr♦❞✉❝✐❞❛s ② ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ✉♥ ❡♥❢♦q✉❡ ❞❡ ❞✉❛❧✐❞❛❞
❝❧ás✐❝❛ ✭✈❡r ♣♦r ❡❥❡♠♣❧♦ ❬✶✶✱ ✷✼❪✮✳ ❊♥ ❡st❡ ❛❜♦r❞❛❥❡✱ ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡①❛❝t❛ ❞❡ ✉♥ s✐st❡♠❛ ❡s
❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡♠♦str❛r ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞ ♣❛r❛ ❡❧ s✐st❡♠❛ ❛❞❥✉♥t♦✳ ❚❛❧ ❤❡❝❤♦ ❡s
❜❛s❛❞♦ ❡♥ ❡❧ ♠ét♦❞♦ ❍❯▼ ✕ ❍✐❧❜❡rt ❯♥✐q✉❡♥❡ss ▼❡t❤♦❞ ❞❛❞♦ ♣♦r ❏✳✲▲✳ ▲✐♦♥s ✭♣❛r❛ ♠❛s ❞❡t❛❧❧❡s
✈❡r ❬✷✼✱ ✷✽✱ ✷✾❪✮✳ ▲♦s ♠ét♦❞♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❞❛❞♦s ❛q✉í ♣✉❡❞❡♥ s❡r ✈✐st♦s ❝♦♥ ❡①t❡♥❝✐♦♥❡s
♥❛t✉r❛❧❡s ❞❡❧ ❝r✐t❡r✐♦ ❑❛❧♠❛♥ ♣❛r❛ s✐st❡♠❛s ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ ❝♦♠♦ ❡s ♠♦str❛❞♦ ❡♥ ❬✾❪✳

❊♥ ❝✉❛♥t♦ ❛ ❧❛ ❝✉❡st✐ó♥ ❞❡ ❧❛ ❡st❛❜✐❧✐③❛❝✐ó♥✱ ✈❛♠♦s ❛ ✐♥tr♦❞✉❝✐r ❝♦♥❝❡♣t♦s ❞❡ ❡st❛❜✐❧✐❞❛❞
❡♥ ❞✐♠❡♥s✐ó♥ ✐♥✜♥✐t❛✳ P❛r❛ ❡s♦✱ ♠♦str❛♠♦s ❛❧❣✉♥♦s ♠ét♦❞♦s q✉❡ ❝♦♠♣r✉❡❜❛♥ ❧❛ ❡st❛❜✐❧✐③❛❝✐ó♥
❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ❊❉Ps✳ ▲❛ ❡st❛❜✐❧✐③❛❝✐õ♥ ❞❡ ✉♥❛ ❊❉P ❡stá r❡❧❛❝✐♦♥❛❞❛ ❢✉❡rt❡♠❡♥t❡ ❝♦♥ ❧❛ ❝♦♥✲
tr♦❧❛❜✐❧✐❞❛❞ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡✜♥✐❞❛✳ ❯♥❛ ❛t❡♥❝✐ó♥ ❡s♣❡❝✐❛❧ ❞♦t❛r ❧❛ ❊❉Ps ❝♦♥ ✉♥ ❣❡♥❡r❛❞♦r ✐♥✲
✜♥✐t❡s✐♠❛❧ ❛♥t✐✲❛❞❥✉♥t♦ ✭s❦❡✇✲❛❞❥♦✐♥t✮ ♣❛r❛ q✉❡ ❧♦s ❝♦♥❝❡♣t♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ② ❡st❛❜✐❧✐❞❛❞✱
❝♦♥s✐❞❡r❛❞♦s ❛q✉í✱ ❝♦♥❝✉❡r❞❡♥✳

◆❡❝❡s✐t❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ✐♥tr♦❞✉❝✐r ❛❧❣✉♥❛s ♥♦t❛❝✐♦♥❡s✳ ❱❛♠♦s ❛ ❞❡♥♦t❛r ♣♦r P (D) ❡❧ ♦♣❡✲
r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❝♦♥ P ∈ C [τ, ξ1, . . . , ξn] ② D = (−i∂t,−i∂x1 , . . . ,−i∂xn)✳ P♦r ❡❥❡♠♣❧♦✱ s❡ ❝♦♥s✐✲
❞❡r❛♠♦s P = −τ2 + |ξ|2 t❡♥❞r❡♠♦s ❡❧ ♦♣❡r❛❞♦r ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ♦♥❞❛ P (D) = ∂2

t −∆✳ ❉❡
❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡✱ Ω ⊂ R

n s❡rá ✉♥ s✉❜❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ s✉✜❝✐❡♥t❡♠❡♥t❡ s✉❛✈❡✱ ❝✉②❛ ❢r♦♥t❡r❛ ∂Ω
❡s ❞❡♥♦t❛❞❛ ♣♦r Γ✳

Pr♦❜❧❡♠❛ ❞❡ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞ ■♥t❡r♥❛

❉❛❞♦s ✉♥ s✉❜❝♦♥❥✉♥t♦ ω ⊂ Ω ❝♦♥ ❢r♦♥t❡r❛ s✉❛✈❡ Γ ② ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦✱
q✉❡ ❡s❝r✐❜✐r❡♠♦s ❝♦♠♦ B (D) z = 0✱ ✈❛♠♦s ❛ ❝♦♥s✐❞❡r❛r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧





P (D) z = Xωf t > 0, x ∈ Ω✱
B (D) z = 0 t > 0, x ∈ Γ✱
z (0, x) = z0 (x) x ∈ Ω✳

✭✺✮

❆q✉í✱ f = f (t, x) ❡s ❡❧ ❝♦♥tr♦❧ ✐♥t❡r♥♦✱ z = z (t, x) ❡s ❧❛ ❢✉♥❝✐ó♥ ❜✉s❝❛❞❛ q✉❡ s❛t✐s❢❛❝❡ ❡❧ s✐st❡♠❛
❛♥t❡r✐♦r ② X r❡♣r❡s❡♥t❛ ✉♥❛ ❢✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛✳ ❙❡❛♥ H ② U ❞♦s ❡s♣❛❝✐♦s ❢✉♥❝✐♦♥❛❧❡s ♥♦r♠❛✲
❞♦s✱ ❞❛❞♦s z0 ② z1 ❡♥ H✱ ❜✉s❝❛♠♦s ✉♥ ❝♦♥tr♦❧ f ∈ L2 (0, T ;U) t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✺✮
s❛t✐s❢❛❝❡ z (T, x) = z1 (x)✳

✈✐✐✐



Pr♦❜❧❡♠❛ ❞❡ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡♥ ❧❛ ❋r♦♥t❡r❛

❉❛❞♦s ✉♥ s✉❜❝♦♥❥✉♥t♦ γ ⊂ Γ ② ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦✱ q✉❡ ❡s❝r✐❜✐r❡♠♦s
❝♦♠♦ B1 (D) z = Xωf ✱ B2 (D) z = 0✱ ✈❛♠♦s ❛ ❝♦♥s✐❞❡r❛r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧





P (D) z = 0 t > 0, x ∈ Ω✱
B1 (D) z = Xωf t > 0, x ∈ Γ✱
B2 (D) z = 0 x ∈ Ω✱
z (0, x) = z0 (x) x ∈ Ω✳

✭✻✮

❆q✉í✱ f = f (t, x) ❡s ❡❧ ❝♦♥tr♦❧ ❞❡ ❢r♦♥t❡r❛✱ z = z (t, x) ❡s ❧❛ ❢✉♥❝✐ó♥ ❜✉s❝❛❞❛ q✉❡ s❛t✐s❢❛❝❡ ❡❧
s✐st❡♠❛ ❛♥t❡r✐♦r ② X ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝❛r❛❝t❡ríst✐❝❛✳ ❉❛❞♦s z0 ② z1 ❡♥ H✱ ❜✉s❝❛♠♦s ✉♥ ❝♦♥tr♦❧
f ∈ L2 (0, T ;U) t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ z ❞❡❧ s✐st❡♠❛ ✭✻✮ s❛t✐s❢❛❝❡ z (T, x) = z1 (x)✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞ ② ❖❜s❡r✈❛❜✐❧✐❞❛❞

❈♦♥❝❡♣t♦s ❞❡ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞

❉❛❞♦s z0 ∈ H✱ u ∈ L2 (0, T ;U)✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛ s♦❧✉❝✐ó♥ z : [0, T ] → H ❞❡❧ s✐❣✉✐❡♥t❡
♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② {

·
z = Az +Bu✱
z (0) = z0✳

✭✼✮

❘❡❝♦r❞❡♠♦s q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r z0 ∈ D (A) ② u ∈ W 1,1 (0, T ;U)✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ✭✼✮
❛❞♠✐t❡ ✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ z ∈ C ([0, T ] ;D (A)) ∩ C1 (0, T ;H) ❞❛❞❛ ♣♦r ❧❛ ❢ór♠✉❧❛ ❞❡ ❉✉❤❛♠❡❧

z (t) = S (t) z0 +

∫ t

0
S (t− s)Bu (s) ds✱ ∀t ∈ [0, T ] ✳

P❛r❛ z0 ∈ H ❡ u ∈ L1 (0, T ;U)✱ ❧❛ ❢ór♠✉❧❛ ❛♥t❡r✐♦r ❞❡✜♥❡ ✉♥❛ s♦❧✉❝✐ó♥ s✉❛✈❡ ✭♠✐❧❞ s♦❧✉t✐♦♥✮ ❞❡
✭✼✮✳

❉❡✜♥✐❝✐ó♥ ✵✳✶✳ ❉❡❝✐♠♦s q✉❡ ❡❧ s✐st❡♠❛ ✭✼✮ ❡s ❡①❛❝t❛♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡ ❡♥ ❡❧ t✐❡♠♣♦ T s✐ ♣❛r❛

❝✉❛❧q✉✐❡r z0, zT ∈ H✱ ❡①✐st❡ u ∈ L2 (0, T ;U) t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✼✮ s❛t✐s❢❛❝❡ z (T ) =
zT ✳

❉❡✜♥✐❝✐ó♥ ✵✳✷✳ ❉❡❝✐♠♦s q✉❡ ❡❧ s✐st❡♠❛ ✭✼✮ ❡s ♥✉❧❛♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡ ❡♥ ❡❧ t✐❡♠♣♦ T s❡ ♣❛r❛

❝✉❛❧q✉✐❡r z0 ∈ H✱ ❡①✐st❡ u ∈ L2 (0, T ;U) t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✼✮ s❛t✐s❢❛❝❡ z (T ) = 0✳

■♥tr♦❞✉❝✐r❡♠♦s ❛❤♦r❛ ❡❧ s✐❣✉✐❡♥t❡ ♦♣❡r❛❞♦r LT : L2 (0, T ;U) −→ H ❞❡✜♥✐❞♦ ♣♦r

LTu =

∫ T

0
S (T − t)Bu (s) ds✳

❆sí✱ ❧❛s s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞✱ ❛rr✐❜❛ ♠❡♥❝✐♦♥❛❞❛s✱ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❛ ❧❛ ✿

❈♦♥tr♦❧❛❜✐❧✐❞❛❞ ❊①❛❝t❛ ❡♥ T ⇔ ImLT = H❀ ✭✽✮

❈♦♥tr♦❧❛❜✐❧✐❞❛❞ ◆✉❧❛ ❡♥ T ⇔ S (T )H ⊂ ImLT ✳ ✭✾✮

❊♥ ❞✐♠❡♥s✐♦♥❡s ✜♥✐t❛✱ ✐✳❡✳✱ ❝✉❛♥❞♦ A ∈ R
n×n ② B ∈ R

n×m✱ ❧♦s ❞♦s ❝♦♥❝❡♣t♦s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✱
② ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❡s ✉♥❛ ❝♦♥❞✐❝✐ó♥ ♣✉r❛♠❡♥t❡ ❛❧❣❡❜r❛✐❝❛✱ ❧❛ ❢❛♠♦s❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❧❛s ✜❧❛s ❞❡

✐①



❑❛❧♠❛♥✿ rank
(
B,AB, . . . , An−1B

)
= n✳ ❈♦♠♦ ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❡❧ t✐❡♠♣♦ T ♥♦ ❞❡s❡♠♣❡ñ❛

♥✐♥❣ú♥ ♣❛♣❡❧✱ ♣❛r❛ ♠❛s ❞❡t❛❧❧❡s ♣♦❞❡♠♦s ❝✐t❛r ❬✾✱ ✹✸❪✳
P❛r❛ ❊❉Ps ❧❛s s✐t✉❛❝✐♦♥❡s s♦♥ ♠❛s ❝♦♠♣❧✐❝❛❞❛s q✉❡ ♣❛r❛ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛✳ P♦r ❡❥❡♠♣❧♦✿
✕ ♥♦ ❡①✐st❡ ♥✐♥❣✉♥❛ ❝♦♥❞✐❝✐ó♥ ❛❧❣❡❜r❛✐❝❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❀
✕ ❡❧ ❝♦♥tr♦❧ ❡♥ ❡❧ t✐❡♠♣♦ ❞❡s❡♠♣❡ñ❛ ✉♥ ♣❛♣❡❧ ♣❛r❛ ❧❛s ❊❉Ps ❤✐♣❡r❜ó❧✐❝❛s❀
✕ ❧❛ r❡❝í♣r♦❝❛ ❛❜❛❥♦ ♥♦ ❡s ♥❛t✉r❛❧ ❡♥ ❣❡♥❡r❛❧

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❊①❛t❛ ⇒ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛ ❩❡r♦✳

▼ét♦❞♦s ♣❛r❛ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞

▲❛s ♣r✉❡❜❛s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❛q✉í ❝✐t❛❞❛s s♦♥ ❝❧ás✐❝❛s✱ ② ❡❧❧♦s ♣✉❡❞❡♥ s❡r ❡♥❝♦♥tr❛❞♦s✱ ♣♦r
❡❥❡♠♣❧♦ ❡♥ ❬✾✱ ✷✼✱ ✹✸✱ ✹✻❪✳ ❚❛❧❡s ♣r✉❡❜❛s s♦♥ ❜❛s❛❞❛s ❡♥ ❡❧ ♠ét♦❞♦ ❍✳❯✳▼✳ ❞❡✈✐❞♦ ❛ ❏✳✲▲✳ ▲✐♦♥s
✭✈❡r ❬✷✼❪✮✳ ❯♥ ♣r✐♠❡r r❡s✉❧t❛❞♦ q✉❡ ❣❛r❛♥t✐③❛ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ♣✉❡❞❡ s❡r ❞❛❞♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡
♠❛♥❡r❛✿
❘❡s✉❧t❛❞♦ ❆✿ ❉✐r❡♠♦s q✉❡ ❡❧ s✐t❡♠❛ ✭✼✮ ❡s ❡①❛❝t❛♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡ ❡♥ ❡❧ t✐❡♠♣♦ T > 0 s✐✱
② s♦❧❛♠❡♥t❡ s✐✱ ❡①✐st❡ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ c > 0 t❛❧ q✉❡

∫ T

0
‖B∗S∗ (t) y0‖

2
U dt ≥ c ‖y0‖

2
H ✱ ∀y0 ∈ H✳ ✭✶✵✮

▲❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✵✮ ❡s ❧❧❛♠❛❞❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞✳ ❚❛❧ ❞❡s✐❣✉❛❧❞❛❞ s✐❣♥✐✜❝❛ q✉❡
❧❛ ❛♣❧✐❝❛❝✐ó♥

Υ : y0 7−→ B∗S∗ (·) y0✱

❡s ❧✐♠✐t❛❞❛ ❡ ✐♥✈❡rsí❜❧❡✱ ♦ s❡❛✱ t❡♥❡♠♦s ❧❛ ❧❧❛♠❛❞❛ ♣r♦♣r✐❡❞❛❞ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞✱ ❡st♦ q✉✐❡r❡ ❞❡❝✐r
q✉❡ ❡s ♣♦s✐❜❧❡ r❡❝✉♣❡r❛r ❝♦♠♣❧❡t❛♠❡♥t❡ ❧❛s ✐♥❢♦r♠❛❝✐♦♥❡s s♦❜r❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ y0✱ s♦❜r❡ ✉♥❛
♠❡❞✐❞❛ ❡♥ [0, T ]✱ ❡♥ ❧❛ s❛❧✐❞❛ ❞❡ ❧♦s ❞❛❞♦s B∗ [S∗ (t) y0]✳

❖tr♦ r❡s✉❧t❛❞♦ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞✱ ♣❡r♦ ❡♥ ✉♥ s❡♥t✐❞♦ ♠❛s
❞é❜✐❧✱ ② ❛sí s❡rá ❧❧❛♠❛❞❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞ ❞é❜✐❧✱ ♥♦s ❣❛r❛♥t✐③❛rá ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞
♥✉❧❛ ❞❡❧ s✐st❡♠❛ ✭✼✮ ② ♣✉❡❞❡ s❡r ❢♦r♠✉❧❛❞♦ ❝♦♠♦ s✐❣✉❡✳
❘❡s✉❧t❛❞♦ ❇✿ ❊❧ s✐st❡♠❛ ✭✼✮ ❡s ❝♦♥tr♦❧❛❜❧❡ ❛ ❝❡r♦ ♦ ♥✉❧❛♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡ ❡♥ ❡❧ t✐❡♠♣♦
T > 0 s✐✱ ② s♦❧❛♠❡♥t❡ s✐✱ ❡①✐st❡ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ c > 0 t❛❧ q✉❡

∫ T

0
‖B∗S∗ (t) y0‖

2
U dt ≥ c ‖S∗ (T ) y0‖

2
H ✱ ∀y0 ∈ H✳ ✭✶✶✮

▲❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✶✶✮ t✐❡♥❡ ✉♥ s❡♥t✐❞♦ ❞é❜✐❧ ♣♦r ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛ ♠✐s♠❛ ♥♦s ❞❛ s♦❧❛♠❡♥t❡ q✉❡
❧❛s ✐♥❢♦r♠❛❝✐♦♥❡s ❞❡ S∗ (T ) y0 ♣✉❡❞❡♥ s❡r r❡❝✉♣❡r❛❞❛s✱ ♣❡r♦ ♥♦ ♣✉❞✐❡♥❞♦ r❡❝✉♣❡r❛r ✐♥❢♦r♠❛❝✐♦♥❡s
s♦❜r❡ ❡❧ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❡❧ s✐st❡♠❛ y0✳

❊❧ ♠ét♦❞♦ ❍✳ ❯✳ ▼✳ ❊❧ ♠ét♦❞♦ ❍✳❯✳▼✳ ❞❡s❡♥✈✉❡❧t♦ ♣♦r ❏✳✲▲✳ ▲✐♦♥s ❡s ✉♥❛ ❤❡rr❛♠✐❡♥t❛
❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ♣❛r❛ ❡❧ ❡st✉❞✐♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❞❡ s✐st❡♠❛s ❣♦❜❡r♥❛❞♦s ♣♦r ❊❉Ps✳ ❙✐
❝♦♥s✐❞❡r❛♠♦s ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ② ❞❡ ❝♦♥t♦r♥♦

Σ

{
·
z = Az +Bu✱
z (0) = 0✱

①



② s✉ ♣r♦❜❧❡♠❛ ❛❞❥✉♥t♦✱ ♦❜t❡♥✐❞♦ t♦♠❛♥❞♦ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ∂t − A✱ ❛ s❛❜❡r✱
−∂t −A∗✿

Σ∗

{
·
y = −A∗y✱
y (T ) = yT ✱

♣♦❞❡♠♦s ❛s✉♠✐r ❧❛ s✐❣✉✐❡♥t❡ ■❞❡♥t✐❞❛❞ ❧❧❛✈❡✿ (z (t) , yT )H =
∫ T
0 (u,B∗y)U dt ② ❣❛r❛♥t✐③❛r ❧❛ ❡q✉✐✲

✈❛❧❡♥❝✐❛ ❡♥tr❡ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞ ② ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛ Σ✳ ❆❞❡♠ás✱ ♣♦❞❡♠♦s
❝♦♥❝❧✉✐r q✉❡✿

✕ ▲❛ ❡❝✉❛❝✐ó♥ ❞❡ ❡✈♦❧✉❝✐ó♥ ❡♥ ❡❧ ♣r♦❜❧❡♠❛ ❛❞❥✉♥t♦
·
y = −A∗y ❞✐✜❡r❡ ❞❡ ✉♥ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦

·
y = A∗y ♣♦r ✉♥ s✐❣♥♦ ❞❡ ♠❡♥♦s✳ ❯♥❛ s✐♠♣❧❡ tr❛♥❢♦r♠❛❝✐ó♥ t → T − t ❤❛❝❡ ❝♦♥ q✉❡ ❧❛ s♦❧✉❝✐ó♥
❞❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ s❡❛♥ s♦❧✉❝✐♦♥❡s ❞❡❧ ♣r♦❜❧❡♠❛ ❛❞❥✉♥t♦❀

✕ ❊❧ ♠ét♦❞♦ ♣r✉❡❜❛ q✉❡ ❡❧ ♦♣❡r❛❞♦r Λ : zT 7−→ u ♥♦s ❞❛rá ✉♠ ❝♦♥tr♦❧❀
✕ ❊♥ ❣❡♥❡r❛❧✱ ♥♦ ♥❡❝❡s✐t❛♠♦s ❡①♣❧✐❝✐t❛r B ② B∗✳ ▲♦s ✐♥❣r❡❞✐❡♥t❡s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❡❧ ♠ét♦❞♦

s♦♥✿ ❧❛ ✐❞❡♥t✐❞❛❞ ❧❧❛✈❡ ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞✳

Pr♦❜❧❡♠❛s ② Pr✐♥❝✐♣❛❧❡s ❘❡s✉❧t❛❞♦s

❱❛♠♦s ✐♥✈❡st✐❣❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s✳
P❛r❛ s❡r ♠ás ♣r❡❝✐s♦s✱ ✈❛♠♦s ❛ ✐♥✈❡st✐❣❛r ♣r♦♣✐❡❞❛❞❡s ❞❡❧ s✐❣✉✐❡♥t❡ s✐st❡♠❛





yt + νyxxx + (My)x = 0 ❡♥ (0, T )× (0, 1) ✱
y (t, 0) = v1, y (t, 1) = v2, yx (t, 1) = v3 ❡♥ (0, T ) ✱
y (0, x) = y0 (x) ❡♥ (0, 1) ✱

✭✶✷✮

❞♦♥❞❡
M = M (t, x) ❡s ✉♥ ❝♦❡✜❝✐❡♥t❡ ❞❡ tr❛♥s♣♦rt❡ ✭❝♦♥st❛♥t❡ ❡♥ ❛❧❣✉♥♦s ♣r♦❜❧❡♠❛s✮✳

vi (i = 1, 2, 3) s♦♥ ❢✉♥❝✐♦♥❡s ❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ t✐❡♠♣♦✱ q✉❡ ❝♦♥st✐t✉②❡♥ ❧♦s ❝♦♥tr♦❧❡s ❞❡ ♥✉❡str♦
s✐st❡♠❛✳

ν ❡s ✉♥ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐s♣❡rs✐ó♥ ♣♦s✐t✐✈❛ ✳

❖❜s❡r✈❡ q✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❑❞❱ ❝❧ás✐❝❛ ❝♦rr❡s♣♦♥❞❡ ❛ M = 1 + u
2 ✳

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❡♥ ❧❛ ♣r✐♠❡r❛ ♣❛rt❡ ❞❡ ❡st❛ ✐♥tr♦❞✉❝❝✐ó♥✱ ❧❛ ❑❞❱ t✉✈♦ s✉ ❞❡s❡♥✈♦❧✈✐♠✐❡♥✲
t♦ ❛ ♣❛rt✐r ❞❡ ❧❛s ❞❡s❝✉❜✐❡rt❛s ❞❡❧ ✐♥❣❡♥✐❡r♦ ❡s❝♦❝és ❏♦❤♥ ❙❝♦tt ❘✉ss❡❧❧ ❬✸✽❪ ❡♥ ❡❧ ❝✉❛❧ ♦❜s❡r✈♦ ❧❛
❝r❡❛❝✐ó♥ ❞❡ ♦♥❞❛s ❛ ♣❛rt✐r ❞❡ ✉♥ ❡①♣❡r✐♠❡♥t♦ ❡♥ ✉♥ ❝❛♥❛❧ ❞❡ s✉♣❡r✜❝✐❡ ♣♦❝♦ ♣r♦❢✉♥❞❛✳ ▲❛ ✐❞❡❛
❞❡ ❡st❡ tr❛❜❛❥♦ ❡s ✐♥✈❡st✐❣❛r ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ✭♥✉❧❛ ② ❡①❛❝t❛✮ ❞❡ ❡st❡ s✐st❡♠❛ q✉❡ ♠♦❞❡❧❛ ♦♥❞❛s
❡♥ s✉♣❡r✜❝✐❡s ❜❛❥❛s✳

❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ♥✉❧❛ ❡❧ ❡st✉❞✐♦ ❢✉❡ ❤❡❝❤♦ ❝♦♠♦ s✐❣✉❡✿

✭✐✮ ❡st✉❞✐♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❑❞❱ ❧✐♥❡❛❧❀

✭✐✐✮ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❡st✐♠❛t✐✈❛s ❞❡ t✐♣♦ ✧❈❛r❧❡♠❛♥✧♣❛r❛ ❡♥❝♦♥tr❛r ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ♦❜s❡r✈❛✲

❜✐❧✐❞❛❞ ✐♥t❡r♥❛ ❛♣r♦♣✐❛❞❛ ♣❛r❛ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❞❡❧ s✐st❡♠❛ ❧✐♥❡❛❧ ❛s♦❝✐❛❞♦
❛ ✭✶✷✮❀

❊♥ r❡❧❛❝✐ó♥ ❛ ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡①❛❝t❛ ❡❧ ❡st✉❞✐♦ ❢✉❡ ❤❡❝❤♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

✭✐✮ ❡st✉❞✐♦ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ❑❞❱ ❧✐♥❡❛❧❀

✭✐✐✮ ❡st✐♠❛t✐✈❛s ❛ ♣r✐♦r✐ ♦❜t❡♥✐❞❛s ♣♦r ♠ét♦❞♦s ❞❡ ❧♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ✭✈❡r ❬✷✸❪✮ ② ♣r✉❡❜❛s ❞❡
❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞ ❛❞❡❝✉❛❞❛s❀
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▲❛ ❊❝✉❛❝✐ó♥ ❑❞❱ ❡♥ ✉♥ ■♥t❡r✈❛❧♦ ❋✐♥✐t♦ (0, L)

■♥✐❝✐❛❧♠❡♥t❡ ✈❛♠♦s ❛ ❞❛r ❛t❡♥❝✐ó♥ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❑❞❱ ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ✜♥✐t♦ (0, L) ❝♦♥ ❝♦♥❞✐✲
❝✐♦♥❡s ❞❡ ❢r♦♥t❡r❛ ❞❡❧ t✐♣♦ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✱ ♠❛s ♣r❡❝✐s❛♠❡♥t❡ ✈❛♠♦s ❛ ♠❡♥❝✐♦♥❛r ❧♦s ♣r✐♠❡r♦s
r❡s✉❧t❛❞♦s r❡❧❛t✐✈♦s ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡①❛❝t❛ ❡♥ ❧❛ ❢r♦♥t❡r❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥





ut + ux + uux + uxxx = 0 ❡♥ (0, T )× (0, L) ✱
u (t, 0) = h1 (t) ❡♥ (0, T ) ✱
u (t, L) = h2 (t) ❡♥ (0, T ) ✱
ux (t, L) = h3 (t) ❡♥ (0, T ) ✱
u (0, x) = u0 (x) ❡♥ (0, L) ✳

✭✶✸✮

▲❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡♥ ❧❛ ❢r♦♥t❡r❛ ❞❡ ❧❛ ❑❞❱ ❢✉❡ ♣r✐♠❡r❛♠❡♥t❡ ❡st✉❞✐❛❞❛ ♣♦r ❘♦s✐❡r ❬✸✺❪ ❝✉❛♥❞♦
❝♦♥s✐❞❡ró ❡❧ s✐st❡♠❛ ✭✶✸✮ ❝♦♥ s♦❧❛♠❡♥t❡ ✉♥ ❝♦♥tr♦❧ h3 (h1 = h2 ≡ 0) ❡♥ ❛❝❝✐ó♥✳ ❊❧ ❞❡♠♦stró q✉❡
❡❧ s✐st❡♠❛ ✭✶✸✮ ❡s ❧♦❝❛❧♠❡♥t❡ ❡①❛❝t❛♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ L2 (0, L)✳

❚❡♦r❡♠❛ ✶✳ ❬✸✺❪❙❡❛♥ T > 0 ②

L /∈ N :=

{
2π

√
j2 + l2 + jl

3
: j, l ∈ N

∗

}
✳ ✭✶✹✮

❈♦♥s✐❞❡r❡ δ > 0 t❛❧ q✉❡ u0✱ uT ∈ L2 (0, L) s❛t✐s❢❛③❡♥

‖u0‖L2(0,L) + ‖uT ‖L2(0,L) ≤ δ✱

❡♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥ ❝♦♥tr♦❧ ✐♥t❡r♥♦ h3 ∈ L2 (0, T ) t❛❧ q✉❡ ❡❧ s✐st❡♠❛ ✭✶✸✮ ❝♦♥ h1 = h2 ≡ 0 ❛❞♠✐t❡

✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥

u ∈ C
(
[0, T ] ;L2 (0, L)

)
∩ L2

(
0, T ;H1 (0, L)

)

q✉❡ s❛t✐s❢❛❝❡

u (0, x) = u0 (x) ② u (T, x) = uT (x) ✳

❊❧ t❡♦r❡♠❛ ❢✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ ♣r♦❜❛❞♦ ♣❛r❛ ❡❧ s✐st❡♠❛ ❧✐♥❡❛❧ ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❍✳ ❯✳ ▼ ❝♦♥ ❧❛
❛✜r♠❛❝✐ó♥ q✉❡ ❧♦s ❞❛t♦s ❞❡❜❡♥ s❡r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦s✳ ❈♦♥ ❡❧ r❡s✉❧t❛❞♦ ❧✐♥❡❛❧ ❡♥ ♠❛♥♦s✱
❢✉❡ ❡①t❡♥❞✐❞♦ ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡①❛❝t❛ ♣❛r❛ ❡❧ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧ ♦❜t❡♥✐❡♥❞♦ ❡❧
❚❡♦r❡♠❛ ✶✱ ✉t✐❧✐③❛♥❞♦ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❝♦♥tr❛❝❝✐ó♥✳ ❊♥ ❡st❡ tr❛❜❛❥♦✱ ❘♦s✐❡r ♣r✉❡❜❛ q✉❡ s✐ L ∈ N
❡❧ s✐st❡♠❛ ❧✐♥❡❛❧ ❛s♦❝✐❛❞♦ ❛ ✭✶✸✮ ❝♦♥ h1 = h2 ≡ 0 ♥♦ ❡s ❡①❛❝t❛♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡❀ ❡st♦ ❡s❀ ❡①✐st❡
✉♥ s✉❜❡s♣❛❝✐♦ ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ M ❞❡ L2 (0, L) ♣❛r❛ ❡❧ ❝✉❛❧ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ♥♦
❧✐♥❡❛❧ s♦♥ ❧❧❡✈❛❞❛s ❞❡❧ ♦r✐❣❡♥ ❛ ✉♥ ❞❡t❡r♠✐♥❛❞♦ t✐❡♠♣♦ ✜♥❛❧ T ✳ ▼❛s ♣r❡❝✐s❛♠❡♥t❡✱ ♣❛r❛ ❝✉❛❧q✉✐❡r
0 6= uT ∈ M ✱ ❧❛ s♦❧✉❝✐ó♥ u ❞❡ ✭✶✸✮ s❛t✐s❢❛❝❡

u (0, x) = 0✱ u (T, x) 6= uT ✱

♣❛r❛ ❝✉❛❧q✉✐❡r ❝♦♥tr♦❧ ✐♥t❡r♥♦ h3 ∈ L2 (0, L)✳ ❉❡ ❛❤♦r❛ ❡♥ ❛❞❡❧❛♥t❡✱ ✉♥ ❞♦♠✐♥✐♦ (0, L) ❡s ❧❧❛♠❛❞♦
❝rít✐❝♦ s✐ s❡ ❧♦♥❣✐t✉❞ L ∈ N ✳

❊♥ ❧♦ q✉❡ ❞✐❝❡ r❡s♣❡❝t♦ ❛ ❧❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❡♥ ❧❛s ❧♦♥❣✐t✉❞❡s ❝rít✐❝❛s✱ ❈♦r♦♥ ② ❈ré♣❡❛✉✱ ❡♥
❬✶✵❪✱ ♣r✉❡❜❛♥ q✉❡ ❡❧ s✐st❡♠❛ ✭✶✸✮ ❝♦♥ h1 = h2 ≡ 0 ❡ L = 2kπ ∈ N ❡s ❧♦❝❛❧♠❡♥t❡ ❡①❛❝t❛♠❡♥t❡
❝♦♥tr♦❧❛❜❧❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ L2 (0, L) ❛ú♥ ❝✉❛♥❞♦ s✉ s✐st❡♥❛ ❧✐♥❡❛❧ ❛s♦❝✐❛❞♦ ♥♦ ❡s ❡①❛❝t❛♠❡♥t❡
❝♦♥tr♦❧❛❜❧❡✳ P❛r❛ ♦❜t❡♥❡r t❛❧ r❡s✉❧t❛❞♦ ❧♦s ❛✉t♦r❡s ❤❛❝❡♥ ✉s♦ ❞❡ ✉♥ ♠ét♦❞♦ ❞❡♥♦♠✐♥❛❞♦ ♠ét♦❞♦

❞❡❧ r❡t♦r♥♦ ❞❡❜✐❞♦ ❛ ❈♦r♦♥ ❡♥ ❬✾❪✳
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❚❡♦r❡♠❛ ✷✳ ❬✶✵❪❙❡❛ T > 0 ② L = 2kπ /∈ N ♣❛r❛ ❛❧❣ú♥ ❡♥t❡r♦ k✳ ❊①✐st❡ ✉♥ δ > 0 t❛❧ q✉❡ ♣❛r❛

u0, uT ∈ L2 (0, L) s❛t✐s❢❛❝✐❡♥❞♦

‖u0‖L2(0,L) + ‖uT ‖L2(0,L) ≤ δ✱

s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ✉♥ ❝♦♥tr♦❧❡ h3 ∈ L2 (0, T ) ❞♦♥❞❡ ❡❧ s✐st❡♠❛ ✭✶✸✮✱ ❝♦♥ h1 = h2 ≡ 0, ❛❞♠✐t❡

✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥

u ∈ C
(
[0, T ] ;L2 (0, L)

)
∩ L2

(
0, T ;H1 (0, L)

)

q✉❡ s❛t✐s❢❛❝❡

u (0, x) = u0 (x) ② u (T, x) = uT (x) ✳

❖tr♦s r❡s✉❧t❛❞♦s r❡❧❛t✐✈♦s ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ❞❡❧ s✐t❡♠❛ ✭✶✸✮ ❢✉❡r♦♥ ♣r♦❜❛❞♦s✳ P♦r ❡❥❡♠♣❧♦✱ ❡♥
●❧❛ss✲●✉❡rr❡r♦ ❬✶✼❪ ② ❘♦s✐❡r ❬✸✻❪✱ ❧♦s ❛✉t♦r❡s ❣❛r❛♥t✐③❛♥ q✉❡ ❡❧ s✐st❡♠❛ ✭✶✸✮ ❡s ❝♦♥tr♦❧❛❜❧❡ ❛ ❝❡r♦
❝✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛ h3 ≡ 0✳

❊♥ ❬✸✻❪✱ ❡❧ ❛✉t♦r ❡s❝❧❛r❡❝❡ ❞❡ ❢♦r♠❛ ❜r❡✈❡ ❡❧ ♠♦t✐✈♦ ❢ís✐❝♦ ♣♦r ❡❧ ❝✉❛❧ s❡ ❞❡❜❡ ❝♦♥s✐❞❡r❛r ❡❧
❝♦♥tr♦❧ ❛❝t✉❛♥❞♦ ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡❧ ❞♦♠✐♥✐♦ ❡s♣❛❝✐❛❧ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❑❞❱✱ ❛❞❡♠ás✱ ❡❧ ❝♦♥s✐❞❡r❛
❡❧ s✐st❡♠❛ ✭✶✸✮ ❝♦♥ ❛♣❡♥❛s ✉♥ ❝♦♥tr♦❧ ❛❝t✉❛♥❞♦ ❡♥ ❧❛ ❢r♦♥t❡r❛✱ ❛ s❛❜❡r h1✳ ❯s❛♥❞♦ ✉♥❛ ❡st✐♠❛t✐✈❛
❞❡❧ t✐♣♦ ❈❛r❧❡♠❛♥✱ ❡❧ ♣r✉❡❜❛ q✉❡ ❡❧ s✐st❡♠❛ ✭✶✸✮✱ ❝♦♥ h2 = h3 ≡ 0✱ ❡s ❧♦❝❛❧♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡ ♣♦r
tr❛②❡❝t♦r✐❛s ②✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ❡s ❧♦❝❛❧♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡ ❛ ❝❡r♦✳

❚❡♦r❡♠❛ ✸✳ ❬✸✻❪❙❡❛♥ T > 0 ② L > 0 ✳ ❈♦♥s✐❞❡r❡

v ∈ C
(
[0, T ] ;H2 (0, L)

)
∩ C1

(
[0, T ] ;L2 (0, L)

)
∩H1

(
0, T ;H1 (0, L)

)
✱

s✐❡♥❞♦ ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ s❛t✐s❢❛❝❡





vt + vx + vvx + vxxx = 0 ❡♥ (0, T )× (0, L) ✱
v (t, L) = vx (t, L) = 0 ❡♥ (0, T ) ✱
v (0, x) = v0 (x) ❡♥ (0, L) ✳

✭✶✺✮

❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥ δ > 0 t❛❧ q✉❡ ♣❛r❛ u0 ∈ H3 (0, L) ❝♦♥ u0 (L) = u′0 (L) = 0 ②

‖u0 − v0‖H3(0,L) ≤ δ✱

❡①✐st❡ ✉♥❛ ❢✉♥❝✐ó♥

u ∈ C
(
[0, T ] ;L2 (0, L)

)
∩ L2

(
0, T ;H1 (0, L)

)

❡❧ ❝✉❛❧ ❡s s♦❧✉❝✐ó♥ ❞❡




ut + ux + uux + uxxx = 0 ❡♥ (0, T )× (0, L) ✱
u (t, L) = ux (t, L) = 0 ❡♥ (0, T ) ✱
u (0, x) = u0 (x) u (T, x) = v (T, x) ❡♥ (0, L) ✳

✭✶✻✮

❖❜s❡r✈❡ q✉❡ ❡♥ ✭✶✻✮ ❡❧ ❛✉t♦r ❡s♣❡❝✐✜❝❛ s♦❧❛♠❡♥t❡ ❞♦s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❝♦♥t♦r♥♦✳ P❛r❛ t❛❧ s✐st❡✲
♠❛ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♣❛t✐❜❧❡ ❡s ♥❡❝❡s❛t✐♦ ❛❣r❡❣❛r ✉♥❛ t❡r❝❡r❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❝♦♥t♦r♥♦ ❡♥✈♦❧✈✐❡♥❞♦
❡❧ ❝♦♥tr♦❧✱ ♣♦r ❡❥❡♠♣❧♦

u (t, 0) = h1 (t) ✳

❊♥ ❡st❡ ❝❛s♦✱ ❘♦s✐❡r ❝♦♥s✐❞❡r❛ ❡❧ h1 ❡♥ ❧❛ ❝❧❛s❡ H1 (0, T )✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❛❧❣✉♥♦s ❛ñ♦s ❞❡s♣✉és✱
●❧❛ss ② ●✉❡rr❡r♦✱ ❡♥ ❬✶✼❪✱ ♥♦s ❞✐❝❡♥ q✉❡ ❡s ♣♦s✐❜❧❡ t♦r♥❛r ❡s❡ ❝♦♥tr♦❧ ♠ás r❡❣✉❧❛r ❛ tr❛✈és ❞❡❧
s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

①✐✐✐



❚❡♦r❡♠❛ ✹✳ ❬✶✼❪❙❡❛♥ T > 0 ② L > 0✳ ❈♦♥s✐❞❡r❡ v ∈ C
(
[0, T ] ;L2 (0, L)

)
∩ L2

(
0, T ;H1 (0, L)

)

s♦❧✉❝✐ó♥ ❞❡ 



vt + vx + vvx + vxxx = 0 ❡♥ (0, T )× (0, L) ✱
v (t, 0) = v (t, L) = vx (t, L) = 0 ❡♥ (0, T ) ✱
v (0, x) = v0 (x) ❡♥ (0, L) ✳

❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥ δ > 0 t❛❧ q✉❡ ♣❛r❛ u0 ∈ L2 (0, L) ❝♦♥

‖u0 − v0‖L2(0,L) ≤ δ✱

❡①✐st❡ h1 ∈ H1/2−ǫ t❛❧ q✉❡ ❡❧ s✐st❡♠❛ ✭✶✸✮ ❝♦♥ h2 = h3 ≡ 0 ❛❞♠✐t❡ ✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥

u ∈ C
(
[0, T ] ;L2 (0, L)

)
∩ L2

(
0, T ;H1 (0, L)

)

s❛t✐s❢❛❝✐❡♥❞♦

u (0, x) = u0 (x) ✱ u (T, x) = v (T, x) ✳

●❧❛ss ② ●✉❡rr❡r♦ t❛♠❜✐é♥ ❝♦♥s✐❞❡r❛♥ ❡♥ ❡st❡ ♠✐s♠♦ tr❛❜❛❥♦ ❡❧ s✐st❡♠❛ ✭✶✸✮ ❝♦♥ h3 ≡ 0✳
❊❧❧♦s ♣r✉❡❜❛♥ q✉❡ ❡st❡ s✐st❡♠❛ ❡s ❧♦❝❛❧♠❡♥t❡ ❡①❛❝t❛♠❡♥t❡ ❝♦♥tr♦❧❛❜❧❡ ❡♥ L2 (0, L) ❛ú♥ ❝✉❛♥❞♦
❡❧ ❞♦♠✐♥✐♦ ❡s♣❛❝✐❛❧ ❡s ❝rít✐❝♦✳

❚❡♦r❡♠❛ ✺✳ ❬✶✼❪❙❡❛♥ L > 0 ② T > 0✳ ❊①✐st❡ ✉♥ δ > 0 t❛❧ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r u0, uT ∈ L2 (0, L)
❝♦♥

‖u0‖L2(0,L) + ‖uT ‖L2(0,L) ≤ δ✱

❡①✐st❡♥ ❝♦♥tr♦❧❡s h1, h2 ∈ L2 (0, T ) t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✶✸✮ ❝♦♥ h3 ≡ 0 ❛❞♠✐t❡ ✉♥❛

ú♥✐❝❛ s♦❧✉❝✐ó♥

u ∈ C
(
[0, T ] ;H−1 (0, L)

)
∩ L2

(
0, T ;L2 (0, L)

)

q✉❡ s❛t✐s❢❛❝❡

u (0, x) = u0 (x) ✱ u (T, x) = uT ✳

▼♦t✐✈❛❞♦s ♣♦r ❧♦s ❚❡♦r❡♠❛s ✹ ② ✺✱ ♥♦s ❞❡❞✐❝❛r❡♠♦s ❛❧ ❡st✉❞✐♦ ❞❡ ❧♦s ♣r✐♥❝✐♣❛❧❡s r❡s✉❧t❛❞♦s
❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ♦❜t❡♥✐❞♦s ❡♥ ❬✶✼❪ ♣❛r❛ ❡❧ s✐st❡♠❛ ❧✐♥❡❛❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳ ▼❛s ♣r❡❝✐s❛♠❡♥t❡✱
♣r♦❜❛r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s✿

❚❡♦r❡♠❛ ❆✳ ❙❡❛ M ✉♥❛ ❝♦♥st❛♥t❡ ② ν > 0 ✜❥♦✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ y0 ∈ H−1(0, 1)✱ ❡①✐st❡
v1 ∈ L2(0, T )✱ t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ y ∈ Y0 ❞❡ ✭✶✷✮ ❝♦♥ ❞❛t♦s v2 = v3 = 0 s❛t✐s❢❛❝❡ y|t=T = 0 ❡♥

(0, 1)✳ ❆❞❡♠ás✱ ♣❛r❛ ❝❛❞❛ ν ∈ (0, 1)✱ ❡①✐st❡ C∗ > 0✱ t❛❧ q✉❡

‖v1‖L2(0,T ) ≤
C∗

ν
‖y0‖H−1(0,1). ✭✶✼✮

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ ν s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦ ✭❡♥ t❡r♠✐♥♦s ❞❡ M s♦❧❛♠❡♥t❡ ✮✱ ♦❜t❡♥❡♠♦s

C∗ = exp

{
C̃|M |1/2

ν1/2

(
1 +

1

T 1/2|M |1/2

)}
, ✭✶✽✮

❞♦♥❞❡ C̃ ❡s ✉♥❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ M ✱ ν ② y0✳

❚❡♦r❡♠❛ ❇✳ ❙❡❛ M ✉♥❛ ❝♦♥st❛♥t❡ ② ν > 0 ✜❥♦✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ y0, y1 ∈ L2(0, 1)✱ ❡①✐st❡♥
v1 ② v2 ❡♥ L2(0, T )✱ t❛❧❡s q✉❡ ❛ s♦❧✉❝✐ó♥ y ∈ Y0 ❞❡ ✭✶✷✮ ❝♦♥ v3 = 0 s❛t✐s❢❛❝❡ y|t=T = y1 ❡♥ (0, 1).

❊s♦s r❡s✉❧t❛❞♦s s❡rá♥ ♣r♦❜❛❞♦s ✉t✐❧✐③❛♥❞♦ ❡❧ ♠ét♦❞♦ ❍❯▼ q✉❡ ♠❡♥❝✐♦♥❛♠♦s ❡♥ ❧❛ s❡❝❝✐ó♥
❛♥t❡r✐♦r✳

①✐✈



❮♥❞✐❝❡ ❣❡♥❡r❛❧

✶✳ Pr❡❧✐♠✐♥❛r❡s ✷
✶✳✶✳ ❊s♣❛❝✐♦s Lp ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✶✳✶✳ ❊s♣❛❝✐♦s ❞❡ ❙♦❜♦❧❡✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✷✳ ❊s♣❛❝✐♦s ❋✉♥❝✐♦♥❛❧❡s ❛ ❱❛❧♦r❡s ❱❡❝t♦r✐❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✶✳✸✳ ❊❧ ❆❞❥✉♥t♦ ❞❡ ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ♥♦ ❧✐♠✐t❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✶✳✹✳ C0 ✲ ❙❡♠✐❣r✉♣♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✶✳✺✳ ■♥t❡r♣♦❧❛❝✐ó♥ ❞❡ ❊s♣❛❝✐♦s ❞❡ ❙♦❜♦❧❡✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳ ❊❧ Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ✶✸
✷✳✶✳ ❊st✐♠❛t✐✈❛s ❞❡ ❊♥❡r❣í❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✷✳✷✳ ❘❡❣✉❧❛r✐❞❛❞ ② ❡st✐♠❛t✐✈❛s ♣❛r❛ ❡❧ ❝❛s♦ ▼❂✵ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✷✳✸✳ ❊st✐♠❛t✐✈❛s ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ❢r♦♥t❡r❛ ♣❛r❛ ❡❧ ❝❛s♦ ▼ ❂ ✵ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✸✳✶✳ ❆r❣✉♠❡♥t♦s ❞❡ ✐♥t❡r♣♦❧❛❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✷✳✸✳✷✳ ❊st✐♠❛t✐✈❛s ❞❡ ❧♦s tér♠✐♥♦s ❢r♦♥t❡r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✷✳✸✳✸✳ ❆❧❣✉♥❛s ❝♦♥❝❧✉s✐♦♥❡s✿ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ② s✉ ❞❡♣❡♥❞❡♥❝✐❛ ❡♥

r❡❧❛❝✐ó♥ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ② tér♠✐♥♦s ❞❡ ❢r♦♥t❡r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳ ❚❡♦r❡♠❛s ♣r✐♥❝✐♣❛❧❡s ✹✵
✸✳✶✳ ❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❛r❧❡♠❛♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
✸✳✷✳ ❘❡s✉❧t❛❞♦s Pr✐♥❝✐♣❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✶



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ❝❧ás✐❝♦s q✉❡ s❡rá♥ ✉s❛❞♦s ❛ ❧♦ ❧❛r❣♦
❞❡❧ tr❛❜❛❥♦✳ ▲❛s ❞❡♠♦str❛❝✐♦♥❡s s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❡♥ [✷]✱ [✺]✱ [✶✽]✱ [✷✻]✱ [✷✾]✱ [✸✵]✱ [✸✶]✱
[✸✷]✱ [✸✸]✱ [✸✼] ② [✹✺].

✶✳✶✳ ❊s♣❛❝✐♦s Lp

❙❡❛ Ω ✉♥ ❛❜✐❡rt♦ ❞❡❧ Rn✳ ❘❡♣r❡s❡♥t❛r❡♠♦s ♣♦r Lp(Ω)✱ 1 ≤ p ≤ +∞✱ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧
❞❡ ❧❛s ✭❝❧❛s❡s ❞❡✮ ❢✉♥❝✐♦♥❡s ❞❡✜♥✐❞❛s ❡♥ Ω ❝♦♥ ✈❛❧♦r❡s ❡♥ K✱ ❞♦♥❞❡ K ❡s R ♦ C✱ t❛❧❡s q✉❡
|u|p ❡s ✐♥t❡❣r❛❜❧❡ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡ ❡♥ Ω✳

❊❧ ❡s♣❛❝✐♦ Lp(Ω) ✉♥✐❞♦ ❞❡ ❧❛ ♥♦r♠❛

‖u‖Lp(Ω) =

(∫

Ω

|u(x)|pdx

) 1
p

, ♣❛r❛ 1 ≤ p < +∞

②
‖u‖L∞ = sup

x∈Ω
❡ss|u(x)|, ♣❛r❛ p = +∞,

❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳
❊♥ ❡❧ ❝❛s♦ p = 2✱ L2(Ω) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✳

Pr♦♣♦s✐❝✐ó♥ ✶✳ ❙✐ u ∈ L1(Ω) ❡♥t♦♥❝❡s ❧❛s ✐♥t❡❣r❛❧❡s ✐♥❞❡✜♥✐❞❛s ❞❡ u s♦♥ ❢✉♥❝✐♦♥❡s
❝♦♥t✐♥✉❛s✳

Pr♦♣♦s✐❝✐ó♥ ✷✳ ✭❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❨♦✉♥❣✮ ✲ ❙❡❛♥ 1 < p , q < ∞ t❛❧ q✉❡
1

p
+

1

q
= 1 ② a, b > 0✳ ❊♥t♦♥❝❡s

ab ≤
ap

p
+
bq

q
.

Pr♦♣♦s✐❝✐ó♥ ✸✳ ✭❉❡s✐❣✉❛❧❞❛❞ ❞❡ ▼✐♥❦♦✇s❦✐✮ ✲ ❙❡❛♥ 1 ≤ p ≤ ∞ ② f, g ❡♥ Lp(Ω)✱
❡♥t♦♥❝❡s

‖f + g‖Lp(Ω) ≤ ‖f‖Lp(Ω) + ‖g‖Lp(Ω).

✷



Pr♦♣♦s✐❝✐ó♥ ✹✳ ✭❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✮ ✲ ❙❡❛♥ u ∈ Lp(Ω) ② v ∈ Lq(Ω) ❝♦♥ 1 ≤ p ≤

∞ ②
1

p
+

1

q
= 1✳ ❊♥t♦♥❝❡s uv ∈ L1(Ω) ② t❡♥❡♠♦s ❧❛s ❞❡s✐❣✉❛❧❞❛❞

∫

Ω

|uv| ≤ ‖u‖Lp(Ω)‖v‖Lq(Ω).

❙✐❣✉❡ ❝♦♠♦ ❝♦r♦❧❛r✐♦ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✿

❈♦r♦❧❛r✐♦ ✶✳ ✭❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ❣❡♥❡r❛❧✐③❛❞❛✮ ✲ ❙❡❛♥ f1, f2, . . . , fk ❢✉♥❝✐♦♥❡s

t❛❧❡s q✉❡ fi ∈ Lpi(Ω)✱ pi ≥ 1✱ 1 ≤ i ≤ k✱ ❞♦♥❞❡
1

p1
+

1

p2
+ . . .+

1

pk
=

1

p
②
1

p
≤ 1✳ ❊♥t♦♥❝❡s

❡❧ ♣r♦❞✉❝t♦ f = f1f2 . . . fk ∈ Lp(Ω) ②

‖f‖Lp(Ω) ≤ ‖f1‖Lp1 (Ω)‖f2‖Lp2 (Ω) . . . ‖fk‖Lpk (Ω).

❆❞❡♠ás ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❛rr✐❜❛✱ t❡♥❡♠♦s q✉❡✿

✐✮ Lp(Ω) ❡s r❡✢❡①✐✈♦ ♣❛r❛ t♦❞♦ 1 < p < +∞❀

✐✐✮ Lp(Ω) ❡s s❡♣❛r❛❜❧❡ ♣❛r❛ t♦❞♦ 1 ≤ p < +∞❀

✐✐✐✮ D(Ω) t✐❡♥❡ ✐♥♠❡rs✐ó♥ ❝♦♥t✐♥✉❛ ② ❞❡♥s❛ ❡♥ Lp(Ω) ♣❛r❛ t♦❞♦ 1 ≤ p < +∞❀

✐✈✮ ❙✐ (fn) ❡s ✉♥❛ s✉❝❡s✐ó♥ ❡♥ Lp(Ω) ② f ∈ Lp(Ω) s♦♥ t❛❧❡s q✉❡ ‖fn−f‖Lp(Ω) → 0 ❡♥t♦♥❝❡s
❡①✐st❡ ✉♥❛ s✉❜s✉❝❡s✐ó♥ (fnk

) t❛❧ q✉❡ fnk
(x) → f(x) ❝❛s✐ s✐❡♠♣r❡ ❡♥ Ω✳

❚❡♦r❡♠❛ ✻✳ ✭❚❡♦r❡♠❛ ❞❡ ❧❛ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❘✐❡s③✮ ✲ ❙❡❛♥ 1 < p < +∞✱

ϕ ∈ (Lp(Ω))
′

❝♦♥
1

q
+

1

p
= 1✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ u ∈ Lq(Ω)✱ t❛❧ q✉❡

〈ϕ, v〉 =

∫

Ω

u(x)v(x)dx, ∀v ∈ Lp(Ω) e ‖u‖Lq(Ω) = ‖ϕ‖
(Lp(Ω))

′ .

❈✉❛♥❞♦ p = ∞✱ ♦❜t❡♥❡♠♦s✿

Pr♦♣♦s✐❝✐ó♥ ✺✳ ❙❡❛ ϕ ∈ (L1(Ω))
′

✱ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ú♥✐❝❛ u ∈ L∞(Ω) t❛❧ q✉❡

〈ϕ, v〉 =

∫

Ω

u(x)v(x)dx, ∀v ∈ L1(Ω) y ‖u‖L∞(Ω) = ‖ϕ‖
(L1(Ω))

′ .

❉❡♥♦t❛r❡♠♦s ♣♦r Lp
loc(Ω)✱ 1 ≤ p < +∞ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ✭❝❧❛s❡s ❞❡✮ ❢✉♥❝✐♦♥❡s

u : Ω → K t❛❧❡s q✉❡ |u|p ❡s ✐♥t❡❣r❛❜❧❡ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡ s♦❜r❡ ❝❛❞❛ ❝♦♠✲
♣❛❝t♦ K ❞❡ Ω ✉♥✐❞♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♥♦❝✐ó♥ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛✿ ❯♥❛ s✉❝❡s✐ó♥ uν ❝♦♥✈❡r❣❡
♣❛r❛ u ∈ Lp

loc(Ω) s✐ ♣❛r❛ ❝❛❞❛ ❝♦♠♣❛❝t♦ K ❞❡ Ω s❡ t✐❡♥❡✿

pK(uν − u) =

(∫

K

|uν(x)− u(x)|pdx

) 1
p

→ 0.

▲❡♠❛ ✶✳ ✭▲❡♠❛ ❞❡ ❉✉ ❇♦✐s ❘❛②♠♦♥❞✮ ✲ ❙❡❛ u ∈ L1
loc(Ω)✱ ❡♥t♦♥❝❡s Tu = 0 s✐✱ ②

s♦❧❛♠❡♥t❡ s✐✱ u = 0 ❝❛s✐ s✐❡♠♣r❡ ❡♥ Ω✱ ❞♦♥❞❡ Tu ❡s ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡✜♥✐❞❛ ♣♦r

〈Tu, ϕ〉 =

∫

Ω

u(x)ϕ(x)dx, ∀ϕ ∈ D(Ω).

✸



❉❡ ❡st❡ ▲❡♠❛ s❡ t✐❡♥❡ q✉❡ Tu q✉❡❞❛ ✉♥í✈♦❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r u ∈ L1
loc(Ω)✱ ❡st♦

❡s✱ s✐ u, v ∈ L1
loc(Ω)✱ ❡♥t♦♥❝❡s Tu = Tv sí✱ ② s♦❧❛♠❡♥t❡ sí✱ u = v ❝❛s✐ s✐❡♠♣r❡ ❡♥ Ω✳

Pr♦♣♦s✐❝✐ó♥ ✻✳ ❙❡❛ (uν)ν∈N ⊂ Lp
loc(Ω)✱ 1 ≤ p < +∞✱ t❛❧ q✉❡ uν → u ❡♥ Lp

loc(Ω)✱ ❡♥t♦♥❝❡s
uν → u ❡♥ D

′
(Ω)✳

▲❡♠❛ ✷✳ ✭▲❡♠❛ ❞❡ ❏✲▲✳ ▲✐♦♥s✮ ✲ ❙❡❛ (uν) ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s ❡♥ Lq(Q) ❝♦♥
1 < q <∞✳ ❙✐

✐✮ uν → u ❝❛s✐ s✐❡♠♣r❡ ❡♥ Q✱

✐✐✮ ‖uν‖Lq(Q) ≤ C, ∀ν ∈ N,

❡♥t♦♥❝❡s✱ uν ⇀ u ❞é❜✐❧ ❡♥ Lq(Q)✳

✶✳✶✳✶✳ ❊s♣❛❝✐♦s ❞❡ ❙♦❜♦❧❡✈

❙❡❛ Ω ✉♥ ❛❜✐❡rt♦ ❞❡ R
n✱ 1 ≤ p ≤ +∞ ❡ m ∈ N. ❙❡ r❡♣r❡s❡♥t❛ ♣♦r Wm,p(Ω) ❡❧ ❡s♣❛❝✐♦

✈❡❝t♦r✐❛❧ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s u ∈ Lp(Ω)✱ t❛❧❡s q✉❡ ♣❛r❛ t♦❞♦ |α| ≤ m✱ Dαu ♣❡rt❡♥❡❝❡
❛ Lp(Ω)✱ s✐❡♥❞♦ Dαu ❧❛ ❞❡r✐✈❛❞❛ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s✳

❊❧ ❡s♣❛❝✐♦ Wm,p(Ω) ✉♥✐❞♦ ❝♦♥ ❧❛ ♥♦r♠❛

‖u‖m,p =


∑

|α|≤m

∫

Ω

|Dαu|pdx




1
p

, ♣❛r❛ 1 ≤ p <∞,

②
‖u‖m,∞ =

∑

|α|≤m

sup
x∈Ω

❡ss|Dαu(x)|, ♣❛r❛ p = ∞

❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳
❘❡♣r❡s❡♥t❛♠♦s Wm,2(Ω) = Hm(Ω) q✉❡ s♦♥ ❡s♣❛❝✐♦s ❞❡ ❍✐❧❜❡rt✳
❙❛❜❡♠♦s q✉❡ C∞

0 (Ω) ❡s ❞❡♥s♦ ❡♠ Lp(Ω)✱ ♣❡r♦ ♥♦ ❡s ✈❡r❞❛❞ q✉❡ C∞
0 (Ω) ❡s ❞❡♥s♦ ❡♥

Wm,p(Ω) ♣❛r❛ m ≥ 1✳ ▼♦t✐✈❛❞♦ ♣♦r ❡st❛ r❛③ó♥ ❞❡✜♥✐♠♦s ❡❧ ❡s♣❛❝✐♦ Wm,p
0 (Ω) ❝♦♠♦ ❧❛

❝❧❛✉s✉r❛ ❞❡ C∞
0 (Ω) ❡♥ Wm,p(Ω)✱ ❡st♦ ❡s✱

C∞
0 (Ω)

Wm,p(Ω)
= Wm,p

0 (Ω).

❙✉♣♦♥❣❛♠♦s q✉❡ 1 ≤ p < ∞ ② 1 < q ≤ ∞ t❛❧ q✉❡
1

p
+

1

q
= 1✳ ❙❡ r❡♣r❡s❡♥t❛ ♣♦r

W−m,q(Ω) ❡❧ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ Wm,p
0 (Ω)✳ ❊❧ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ Hm

0 (Ω) s❡ ❞❡♥♦t❛ ♣♦r
H−m(Ω)✳

Pr♦♣♦s✐❝✐ó♥ ✼✳ ❙❡❛♥ Ω ✉♥ ❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ ❞❡ R
n✱ ❞❡ ❝❧❛s❡ Cm✱ ❝♦♥ ❢r♦♥t❡r❛ ❧✐♠✐t❛❞❛ ②

m ✉♥ ❡♥t❡r♦ t❛❧ q✉❡ m ≥ 1✱ ② 1 ≤ p < ∞✳ ❊♥t♦♥❝❡s t❡♥❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ✐♥♠❡rs✐♦♥❡s
❝♦♥t✐♥✉❛s✿

s✐
1

p
−
m

n
> 0 ❡♥t♦♥❝❡s Wm,p(Ω) →֒ Lq(Ω)✱ ❞♦♥❞❡

1

q
=

1

p
−
m

n
✱

s✐
1

p
−
m

n
= 0 ❡♥t♦♥❝❡s Wm,p(Ω) →֒ Lq(Ω), ∀ q ∈ [p,+∞[✱

s✐
1

p
−
m

n
< 0 ❡♥t♦♥❝❡s Wm,p(Ω) →֒ L∞(Ω)✳

✹



❚❡♦r❡♠❛ ✼✳ ✭❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮ ✲ ❙❡❛ Ω ✉♥ s✉❜❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ ❧✐✲
♠✐t❛❞♦ ❞❡ R

n✱ Ω ❞❡ ❝❧❛s❡ C1 ② 1 ≤ p ≤ ∞✳ ❊♥t♦♥❝❡s

s✐ p < n ❡♥t♦♥❝❡s W 1,p(Ω) →֒ Lq(Ω), ∀ q ∈ [1, p∗]✱ ❞♦♥❞❡
1

p∗
=

1

p
−

1

n
✱

s✐ p = n ❡♥t♦♥❝❡s W 1,p(Ω) →֒ Lq(Ω), ∀ q ∈ [1,+∞[✱
s✐ p = n ❡♥t♦♥❝❡s W 1,p(Ω) →֒ C(Ω)✱
❝♦♥ ✐♥♠❡rs✐♦♥❡s ❝♦♠♣❛❝t❛s✳

Pr♦♣♦s✐❝✐ó♥ ✽✳ ❙❡❛♥ 1 ≤ q ≤ p ≤ ∞ ② ❡♥t❡r♦s m > n. ❊♥t♦♥❝❡s

||u||Lp(Ω) ≤ C||u||1−a
Lq(Ω)||u||

a
W 1,m(Ω), ∀u ∈ W 1,m(Ω),

❞♦♥❞❡

a =

1

q
−

1

p
1

q
+

1

n
−

1

m

,

♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ C > 0.

P❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ s > 0 ❞❡✜♥✐♠♦s ❡❧ ❡s♣❛❝✐♦ Hs(Rn) ❝♦♠♦

Hs(Rn) = {u ∈ L2(Rn); (1 + ‖ξ‖2)s/2û ∈ L2(Rn)}.

❊st❡ ❡s♣❛❝✐♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ❧♦s ❡s♣❛❝✐♦s Hm(Rn) ❝✉❛♥❞♦ s ❡s ✉♥ ♥ú♠❡r♦ ❡♥t❡r♦✳ ❉❡ ❢♦r♠❛
❛♥á❧♦❣❛ ❛❧ ❝❛s♦ Wm,p(Rn) s❡ ♠✉❡str❛ q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s C∞

0 (Rn) s♦♥ ❞❡♥s❛s ❡♥ Hs(Rn)
♣❛r❛ t♦❞♦ R

n✳ ❉❡✜♥✐♠♦s Hs(Rn) ♣❛r❛ ✈❛❧♦r❡s ♥❡❣❛t✐✈♦s ❞❡ s ❝♦♠♦ s✐❡♥❞♦ ❡❧ ❡s♣❛❝✐♦ ❞✉❛❧
❞❡ H−s(Rn)✳
❊♥ ❡❧ ❝❛s♦ ❡♥ q✉❡ Ω s❡❛ ❞❡ ❝❧❛s❡ Cm✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❧♦s ❡s♣❛❝✐♦s ❢r❛❝❝✐♦♥❛r✐♦s

Hs(Ω) = {v|Ω; v ∈ Hs(Rn)}.

❙✐ ✉♥✐♠♦s ❛ ❡st❡ ❡s♣❛❝✐♦ ❝♦♥ ❧❛ ♥♦r♠❛

‖u‖Hs(Ω) = inf{‖v‖Hs(Rn), v = u ❡♥ Ω},

s❡ t✐❡♥❡ q✉❡ Hs(Ω) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✳

Pr♦♣♦s✐❝✐ó♥ ✾✳ D(Ω) ❡s ❞❡♥s♦ ❡♥ Hs(Ω) ♣❛r❛ t♦❞♦ s ≥ 0 r❡❛❧✳

Pr♦♣♦s✐❝✐ó♥ ✶✵✳ ❙✐ 0 ≤ s1 ≤ s2✱ ❡♥t♦♥❝❡s H
s2(Ω) →֒ Hs1(Ω).

Pr♦♣♦s✐❝✐ó♥ ✶✶✳ ❙✐ s− n
2
> m ✱ m ❡♥t❡r♦ ♥♦ ♥❡❣❛t✐✈♦✱ ❡♥t♦♥❝❡s

Hs(Ω) →֒ Cm(Ω).

✺



✶✳✷✳ ❊s♣❛❝✐♦s ❋✉♥❝✐♦♥❛❧❡s ❛ ❱❛❧♦r❡s ❱❡❝t♦r✐❛❧❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❛♠♦s ❛ ❞❡t❡r♠✐♥❛r ❧♦s ❡s♣❛❝✐♦s ❡♥ q✉❡ s❡ ❝♦♥s✐❞❡r❛♥ ❧❛s ✈❛r✐❛❜❧❡s
t❡♠♣♦r❛❧ ② ❡s♣❛❝✐❛❧✱ ❧♦s ❝✉❛❧❡s s♦♥ ♥❡❝❡s❛r✐♦s ♣❛r❛ ❞❛r s❡♥t✐❞♦ ❛ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ❡✈♦❧✉✲
❝✐ó♥✳ ❙❡❛♥ X ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ② a, b ∈ R✳

❊❧ ❡s♣❛❝✐♦ Lp(a, b;X)✱ 1 ≤ p < +∞✱ ❝♦♥s✐st❡ ❞❡ ❧❛s ✭❝❧❛s❡s ❞❡✮ ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s s♦❜r❡
[a, b] ❝♦♥ ✐♠❛❣❡♥ ❡♥ X✱ ♦ s❡❛✱ ❧❛s ❢✉♥❝✐♦♥❡s u : (a, b) → X✱ t❛❧❡s q✉❡

‖u‖Lp(a,b;X) :=

(∫ b

a

‖u(t)‖pXdt

) 1
p

<∞.

❊❧ ❡s♣❛❝✐♦ L∞(a, b;X) ❝♦♥s✐st❡ ❞❡ ❧❛s ✭❝❧❛s❡s ❞❡✮ ❢✉♥❝✐♦♥❡s ♠❡❞✐❜❧❡s s♦❜r❡ [a, b] ❝♦♥ ✐♠❛❣❡♥
❡♥ X✱ ❧✐♠✐t❛❞❛s ❝❛s✐ s✐❡♠♣r❡ ❡♥ (a, b)✳ ▲❛ ♥♦r♠❛ ❡♥ ❡st❡ ❡s♣❛❝✐♦ ❡s ❞❛❞❛ ♣♦r

‖u‖L∞(a,b;X) := ı́nf {c ≥ 0; ‖u(t)‖X ≤ c, q.s.} .

❊❧ ❡s♣❛❝✐♦ Cm([a, b];X)✱ m = 0, 1, . . . , ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s
u : [a, b] → X q✉❡ t✐❡♥❡♥ ❞❡r✐✈❛❞❛s ❝♦♥t✐♥✉❛s ❤❛st❛ ❡❧ ♦r❞❡♥ m s♦❜r❡ [a, b]✳ ▲❛ ♥♦r♠❛ ❡s
❞❛❞❛ ♣♦r

‖u‖L∞(a,b;X) := ı́nf {c ≥ 0; ‖u(t)‖X ≤ c, q.s.} .

❊❧ ❡s♣❛❝✐♦ Cm([a, b];X)✱ m = 0, 1, . . . , ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s
u : [a, b] → X q✉❡ t✐❡♥❡♥ ❞❡r✐✈❛❞❛s ❝♦♥t✐♥✉❛s ❤❛st❛ ❡❧ ♦r❞❡♥ m s♦❜r❡ [a, b]✳ ▲❛ ♥♦r♠❛ ❡s
❞❛❞❛ ♣♦r

‖u‖ :=
m∑

i=0

máx
t∈[a,b]

|u(i)(t)|.

❱❡❛♠♦s ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❡st♦s ❡s♣❛❝✐♦s✳

Pr♦♣♦s✐❝✐ó♥ ✶✷✳ ❙❡❛♥ m = 0, 1, . . . ; 1 ≤ p < +∞❀ X ② Y ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ s♦❜r❡ ❡❧
❝✉❡r♣♦ K✱ ❞♦♥❞❡ K = R ♦ K = C✳ ❊♥t♦♥❝❡s✿

✐✮ Cm([a, b];X) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ s♦❜r❡ K✳

✐✐✮ Lp(a, b;X)✱ 1 ≤ p < +∞ ② L∞(a, b;X)✱ s♦♥ ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ s♦❜r❡ K✳

✐✐✐✮ C([a, b];X) ❡s ❞❡♥s♦ ❡♥ Lp(a, b;X) ② ❧❛ ✐♥♠❡rs✐ó♥ C([a, b];X) →֒ Lp(a, b;X) ❡s
❝♦♥t✐♥✉❛✳

✐✈✮ ❙❡ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt ❝♦♥ ♣r♦❞✉t♦ ❡s❝❛❧❛r (., .)X ✱ ❡♥t♦♥❝❡s L2(a, b;X) ❡s
t❛♠❜✐é♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt ❝♦♥ ♣r♦❞✉t♦ ❡s❝❛❧❛r

(u, v)L2(a,b;X) :=

∫ b

a

(u(t), v(t))Xdt.

✈✮ Lp(a, b;X) ❡s s❡♣❛r❛❜❧❡✱ s✐ X ❢✉❡r❛ s❡♣❛r❛❜❧❡ ② 1 ≤ p < +∞✳

✈✐✮ ❙✐ X →֒ Y ✱ ❡♥t♦♥❝❡s Lr(a, b;X) →֒ Lq(a, b;Y )✱ 1 ≤ q ≤ r ≤ +∞✳

✻



❉❡♥♦t❛r❡♠♦s ♣♦r D(a, b;X) ❡❧ ❡s♣❛❝✐♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦ ❝♦♠♣❧❡t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s
✈❡❝t♦r✐❛❧❡s ϕ : (a, b) 7→ X ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐❛❜❧❡s ❝♦♥ s♦♣♦rt❡ ❝♦♠♣❛❝t♦ ❡♥ (a, b)✳
❉✐r❡♠♦s q✉❡ ϕν → ϕ ❡♥ D(a, b;X) s✐✿

✐✮ ∃K ❝♦♠♣❛❝t♦ ❞❡ (a, b)✱ t❛❧ q✉❡ supp (ϕν) ② supp (ϕ) ❡stá♥ ❝♦♥t❡♥✐❞♦s ❡♥ K, ∀ν❀

✐✐✮ P❛r❛ ❝❛❞❛ k ∈ N✱ ϕ(k)
ν (t) → ϕ(k)(t) ❡♥ X ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♥ t ∈ (a, b)✳

❙❡❛ v ∈ Lp(0, T ;X)✱ ❞♦♥❞❡ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt s❡♣❛r❛❜❧❡ ② ϕ ∈ D(0, T )✳ ▲❛
✐♥t❡❣r❛❧ ❡♥ X ∫ T

0

v(s)ϕ(s)ds

❡①✐st❡✱ s✐❡♥❞♦ ✉♥ ✈❡❝t♦r ❞❡ X✭❡st❛ ✐♥t❡❣r❛❧ ❡s ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ✉♥❛ ✐♥t❡❣r❛❧ ❡♥ X✮✳ ❆sí✱
❞❛❞♦ v ∈ Lp(0, T ;X)✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥

Tv : D(0, T ) −→ X

❞❡✜♥✐❞❛ ♣♦r

〈Tv, ϕ〉 =

∫ T

0

v(s)ϕ(s)ds

❡stá ❜✐❡♥ ❞❡✜♥✐❞❛✱ ❡s ❧✐♥❡❛❧ ② ❝♦♥t✐♥✉❛✳ ❙❡ ❞❡♥♦t❛ ♣♦r D
′
(0, T ;X) ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❞✐s✲

tr✐❜✉❝✐♦♥❡s s♦❜r❡ (0, T ) ❝♦♥ ✈❛❧♦r❡s ❡♥ X✱ ❡st♦ ❡s✱ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❧✐♥❡❛❧❡s
② ❝♦♥t✐♥✉❛s ❞❡ D(0, T ) ❡♥ X✳ ❉❡ ❡st❡ ♠♦❞♦✱ Tv ∈ D

′
(0, T ;X) ② s❡ ❞❡♠✉❡str❛ q✉❡ Tv ❡s

✉♥í✈♦❝❛♠❡♥t❡ ❞❡✜♥✐❞❛ ♣♦r v✳ ▲✉❡❣♦✱ ✐❞❡♥t✐✜❝❛♥❞♦ ❧❛ ❢✉♥❝✐ó♥ v ❝♦♥ ❧❛ ❞✐str✐❜✉❝✐ó♥ Tv s❡
♣✉❡❞❡ ❛✜r♠❛r q✉❡

Lp(0, T ;X) ⊂ D
′

(0, T ;X).

❙❡ ❝♦♥❝❧✉②❡✱ ❞❡ ❡st❡ ❤❡❝❤♦ q✉❡ t♦❞❛ v ∈ Lp(0, T ;X) ♣♦s❡❡ ❞❡r✐✈❛❞❛s ❞❡ t♦❞❛s ❧❛s ♦r❞❡♥❡s
❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ✈❡❝t♦r✐❛❧❡s s♦❜r❡ (0, T )✳

❙❡❛ T ∈ D
′
(0, T ;X) ✳ ▲❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♥ n ❞❡ T ❡s ❞❡✜♥✐❞❛ ❝♦♠♦ s✐❡♥❞♦ ❧❛ ❞✐str✐✲

❜✉❝✐ó♥ ✈❡❝t♦r✐❛❧ s♦❜r❡ (0, T ) ❝♦♥ ✈❛❧♦r❡s ❡♥ X ❞❛❞❛ ♣♦r
〈
dnT

dtn
, ϕ

〉
= (−1)n

〈
T,
dnϕ

dtn

〉
.

✶✳✸✳ ❊❧ ❆❞❥✉♥t♦ ❞❡ ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ♥♦ ❧✐♠✐t❛❞♦

❙❡❛♥ X✱ Y ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ ② A : D(A) ⊂ X −→ Y ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ♥♦ ❧✐♠✐t❛❞♦
❝♦♥ ❞♦♠✐♥✐♦ ❞❡♥s♦✳ ❉❡✜♥❛♠♦s ❡❧ ❝♦♥❥✉♥t♦

D(A∗) = {v ∈ Y ′; ∃ c > 0 t❛❧ q✉❡ |〈v, Au〉| ≤ c||u||X , ∀u ∈ D(A)}.

P❛r❛ ❝❛❞❛ v ∈ D(A∗), ❞❡✜♥✐♠♦s ❧❛ ❛♣❧✐❝❛❝✐ó♥ gv : D(A) ⊂ X −→ R ❞❛❞❛ ♣♦r

gv(u) = 〈v, Au〉, ∀u ∈ D(A),

✼



q✉❡ s❛t✐s❢❛❝❡
|gv(u)| ≤ c||u||X , ∀u ∈ D(A).

❖❜s❡r✈❡ q✉❡ gv ❡s ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❧✐♠✐t❛❞♦✱ ❝♦♥ ❞♦♠✐♥✐♦ ❞❡♥s♦✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥❛
ú♥✐❝❛ ❡①t❡♥s✐ó♥ ❧✐♥❡❛❧ ❧✐♠✐t❛❞❛ fv : X −→ R ❞❡ gv, q✉❡ s❛t✐s❢❛❝❡

|fv(u)| ≤ c||u||X , ∀u ∈ X.

❆sí✱ ❞❡✜♥✐♠♦s
A∗ : D(A∗) ⊂ Y ′ → X ′

v 7→ A∗v = fv
✭✶✳✶✮

q✉❡ ❡s ❞❡♥♦♠✐♥❛❞♦ ❡❧ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❡ ❆✳ ❈♦♠♦ fv ❡①t✐❡♥❞❡ gv, ❡♥t♦♥❝❡s ❡❧❧♦s ❝♦✐♥❝✐❞❡♥
❡♥ D(A) ② ❝♦♥ ✭✶✳✶✮ r❡s✉❧t❛ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❛❞❥✉♥❝✐ó♥✿

〈A∗v, u〉 = 〈v, Au〉, ∀u ∈ D(A), ∀v ∈ D(A∗).

❯♥ r❡s✉❧t❛❞♦ q✉❡ s❡rá ✉t✐❧✐③❛❞♦✱ s♦❜r❡ ❛❞❥✉♥t♦ ❞❡ ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ♥♦ ❧✐♠✐t❛❞♦✱ ❡s ❡❧
s✐❣✉✐❡♥t❡✿

❚❡♦r❡♠❛ ✽✳ ❊❧ ❛❞❥✉♥t♦ ❞❡ ✉♥ ♦♣❡r❛❞♦r ❡s ✉♥ ♦♣❡r❛❞♦r ❝❡rr❛❞♦✳

✶✳✹✳ C0 ✲ ❙❡♠✐❣r✉♣♦s

❉✉r❛♥t❡ ❡st❛ s❡❝❝✐ó♥✱ X ❞❡♥♦t❛rá ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤ ② L(X) ❡❧ á❧❣❡❜r❛ ❞❡ ❧♦s ♦♣❡✲
r❛❞♦r❡s ❧✐♥❡❛❧❡s ❧✐♠✐t❛❞♦s ❞❡ X ❡♥ X✳ ❯♥❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s {S(t)}t≥0 ❡s ❞❡♥♦♠✐♥❛❞❛
✉♥ ❙❡♠✐❣r✉♣♦ ❞❡ ❖♣❡r❛❞♦r❡s ▲✐♥❡❛❧❡s ❝✉❛♥❞♦ s❛t✐s❢❛❝❡✿

✐✮ S(0) = I, ❞♦♥❞❡ I ❞❡♥♦t❛ ❡❧ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞ ❞❡ L(X);

✐✐✮ S(t+ s) = S(t)S(s), ∀ t, s ∈ R+.

❊❧ s❡♠✐❣r✉♣♦ {S(t)}t≥0 ❡s ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❝❧❛s❡ C0, ♦ C0−s❡♠✐❣r✉♣♦✱ ❝✉❛♥❞♦ s❛t✐s❢❛❝❡✿

✐✐✐✮ ĺım
t→0+

||S(t)x− x||X = 0, ∀ x ∈ X✳

Pr♦♣♦s✐❝✐ó♥ ✶✸✳ ❙✐ {S(t)}t≥0 ❡s ✉♥ C0−s❡♠✐❣r✉♣♦✱ ❡♥t♦♥❝❡s t 7→ ||S(t)||X ❡s ✉♥❛ ❢✉♥✲
❝✐ó♥ ❧✐♠✐t❛❞❛ ❡♥ t♦❞♦ ✐♥t❡r✈❛❧♦ ❧✐♠✐t❛❞♦ [0, T ]✳

❘❡s✉❧t❛✱ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r✱ q✉❡ ❡①✐st❡♥ M ≥ 1 ② ω ≥ 0 t❛❧❡s q✉❡

||S(t)||X ≤Meωt, ∀t ≥ 0.

❊♥ ❡❧ ❝❛s♦ q✉❡ ω = 0 ② M = 1, ❡❧ s❡♠✐❣r✉♣♦ {S(t)}t≥0 ❡s ❞❡♥♦♠✐♥❛❞♦ C0−s❡♠✐❣r✉♣♦
❞❡ ❝♦♥tr❛❝❝✐♦♥❡s✳

✽



❉❡✜♥✐❝✐ó♥ ✶✳✶✳ ❊❧ ♦♣❡r❛❞♦r A ❞❡✜♥✐❞♦ ♣♦r

D(A) =

{
x ∈ X; ĺım

h→0

S(h)− I

h
x ❡①✐st❡

}
;

Ax = ĺım
h→0

S(h)− I

h
x, ∀x ∈ D(A),

❡s ❞❡♥♦♠✐♥❛❞♦ ❣❡♥❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡❧ s❡♠✐❣r✉♣♦ {S(t)}t≥0✳

Pr♦♣♦s✐❝✐ó♥ ✶✹✳ D(A) ❡s ✉♥s✉❜❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞❡ X ② A ❡s ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧✳

Pr♦♣♦s✐❝✐ó♥ ✶✺✳ ❙❡❛ {S(t)}t≥0 ✉♥ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛s❡ C0 ② A s✉ ❣❡♥❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧✳

✐✮ ❙✐ x ∈ D(A)✱ ❡♥t♦♥❝❡s S(t)x ∈ D(A), ∀t ≥ 0 ②

d

dt
S(t)x = AS(t)x = S(t)Ax; ✭✶✳✷✮

✐✐✮ ❙✐ x ∈ D(A) ❡♥t♦♥❝❡s

S(t)x− S(s)x =

∫ t

s

AS(τ)xdτ =

∫ t

s

S(τ)Axdτ ; ✭✶✳✸✮

✐✐✐✮ ❙✐ x ∈ X✱ ❡♥t♦♥❝❡s
∫ t

0
S(τ)xdτ ∈ D(A) ②

S(t)x− x = A

∫ t

0

S(τ)xdτ. ✭✶✳✹✮

✐✈✮ P❛r❛ t♦❞♦ x ∈ X,

ĺım
h→0

1

h

∫ t+h

t

S(τ)xdτ = S(t)x. ✭✶✳✺✮

Pr♦♣♦s✐❝✐ó♥ ✶✻✳ ✐✮ ❊❧ ❣❡♥❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♥ C0−s❡♠✐❣r✉♣♦ ❡s ✉♥ ♦♣❡r❛❞♦r
❧✐♥❡❛❧ ❝❡rr❛❞♦ ② s✉ ❞♦♠✐♥✐♦ ❡s ❞❡♥s♦ ❡♥ X❀

✐✐✮ ❯♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ A✱ ❝❡rr❛❞♦ ② ❝♦♥ ❞♦♠✐♥✐♦ ❞❡♥s♦ ❡♥ X✱ ❡s ❡❧ ❣❡♥❡r❛❞♦r ✐♥✜♥✐t❡✲
s✐♠❛❧ ❞❡✱ ❡♥ ❧♦ ♠á①✐♠♦✱ ✉♥ C0−s❡♠✐❣r✉♣♦ ✳

❉❡✜♥✐❝✐ó♥ ✶✳✷✳ ✐✮ ❙❡ ❞✐❝❡ q✉❡ ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ A : D(A) ⊂ X ❡s ❞✐s✐♣❛t✐✈♦ s✐✱ ♣❛r❛
❛❧❣✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❞✉❛❧✐❞❛❞ j✱

❘❡〈j(x), Ax〉 ≤ 0 ∀x ∈ D(A). ✭✶✳✻✮

❊♥ ❡❧ ❝❛s♦ ❡♥ q✉❡ X ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ A : D(A) ⊂ X ❡s
❞✐s✐♣❛t✐✈♦ ❝✉❛♥❞♦

(Ax, x)X ≤ 0, ∀x ∈ D(A);

✐✐✮ ❙❡ ❞✐❝❡ q✉❡ A é ♠✲❞✐ss✐♣❛t✐✈♦ s✐ ❢✉❡r❛ ❞✐s✐♣❛t✐✈♦ ② Im(Iλ−A) = X ♣❛r❛ ❛❧❣ú♥ λ > 0;

✐✐✐✮ ❙❡ ❞✐❝❡ q✉❡ A ❡s ❛❝r❡t✐✈♦ ✭♠✲❛❝r❡t✐✈♦✮ s✐ −A ❢✉❡r❛ ❞✐s✐♣❛t✐✈♦ ✭♠✲❞✐ss✐♣❛t✐✈♦✮✳

❚❡♦r❡♠❛ ✾ ✭▲✉♠❡r✲P❤✐❧❧✐♣s✮✳ ❯♥ ♦♣❡r❛❞♦r A ❡s ❣❡r❛❞♦r ❞❡ ✉♥ C0−s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥✲
tr❛❝❝✐♦♥❡s s✐✱ ② s♦❧❛♠❡♥t❡ s✐✱ A ❡s ♠✲❞✐s✐♣❛t✐✈♦ ② ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

❈♦r♦❧❛r✐♦ ✷✳ ❙❡❛ A ✉♥ ♦♣❡r❛❞♦r ❧✐♥❡❛❧ ❝❡rr❛❞♦ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳ ❙✐ A ② s✉ ❛❞❥✉♥t♦
A∗ s♦♥ ❞✐s✐♣❛t✐✈♦s✱ ❡♥t♦♥❝❡s A ❡s ❣❡♥❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♥ C0−s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥✲
tr❛❝❝✐♦♥❡s✳

✾



✶✳✺✳ ■♥t❡r♣♦❧❛❝✐ó♥ ❞❡ ❊s♣❛❝✐♦s ❞❡ ❙♦❜♦❧❡✈

❙❡❛♥ X ❡ Y ❞♦s ❡s♣❛❝✐♦s ❞❡ ❍✐❧❜❡rt s❡♣❛r❛❜❧❡s✱ ❝♦♥ ✐♥♠❡rs✐ó♥ ❝♦♥t✐♥✉❛ ② ❞❡♥s❛✳ ❙❡❛♥
(, )X ② (, )Y ❧♦s ♣r♦❞✉❝t♦s ✐♥t❡r♥♦s ❞❡ X ❡ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

■♥❞✐❝❛r❡♠♦s ♣♦r S✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s u ❞❡✜♥✐❞❛s ❡♥ X✱ t❛❧ q✉❡ ❧❛
❛♣❧✐❝❛❝✐ó♥ v −→ (u, v)X ✱ v ∈ X ❡s ❝♦♥t✐♥✉❛ ❡♥ ❧❛ t♦♣♦❧♦❣í❛ ✐♥❞✉❝✐❞❛ ♣♦r Y ✳ ❊♥t♦♥❝❡s
(u, v)X = (Sv, u)Y ❞❡✜♥❡ S✱ ❝♦♠♦ s✐❡♥❞♦ ✉♥ ♦♣❡r❛❞♦r ✐❧✐♠✐t❛❞♦ ❡♥ Y ❝♦♥ ❞♦♠✐♥✐♦ D(S)✱
❞❡♥s♦ ❡♥ Y ✳

S ❡s ✉♥ ♦♣❡r❛❞♦r ❛✉t♦✲❛❞❥✉♥t♦ ② ❡strí❝t❛♠❡♥t❡ ♣♦s✐t✐✈♦✳ ❯s❛♥❞♦ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❡s✲
♣❡❝tr❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ❛✉t♦✲❛❞❥✉♥t♦s✱ ♣♦❞❡♠♦s ❞❡✜♥✐r Sθ , θ ∈ R✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ✉s❛r❡♠♦s
A = S1/2.

❊❧ ♦♣❡r❛❞♦r A✱ ❡s ❛✉t♦✲❛❞❥✉♥t♦✱ ♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦ ❡♥ Y ✱ ❝♦♥ ❞♦♠✐♥✐♦ X ②

(u, v)X = (Au,Av)Y , ∀u, v ∈ X.

❉❡✜♥✐❝✐ó♥ ✶✳✸✳ ❈♦♥ ❧❛s ❤✐♣ót❡s✐s ❛♥t❡r✐♦r❡s✱ ❞❡✜♥✐♠♦s ❡❧ ❡s♣❛❝✐♦ ✐♥t❡r♠❡❞✐❛r✐♦

[X, Y ]θ = D(A1−θ) ✭❞♦♠✐♥✐♦ ❞❡ A1−θ), 0 ≤ θ ≤ 1,

❝♦♥ ❧❛ ♥♦r♠❛
‖u‖2[X,Y ]θ

= ‖u‖2Y + ‖A1−θ‖2Y .

❖❜s❡r✈❛❝✐ó♥✳

✶✳ X →֒ [X, Y ]θ →֒ Y ✳

✷✳ ‖u‖[X,Y ]θ
≤ ‖u‖1−θ

X ‖u‖θY ✳

✸✳ ❙✐ 0 < θ0 < θ < 1✱ ❡♥t♦♥❝❡s [X, Y ]θ0 →֒ [X, Y ]θ1 ❞♦♥❞❡ ❧❛ ✐♥②❡❝❝✐ó♥ ❡s ❞❡♥s❛✳

✹✳
[
[X, Y ]θ0 , [X, Y ]θ1

]
θ
= [X, Y ](1−θ)θ0+θθ1

✳

Pr♦♣♦s✐❝✐ó♥ ✶✼✳ ❙❡❛ u ∈ X✳ ❊♥t♦♥❝❡s✱

‖u‖[X,Y ]θ ≤ C‖u‖1−θ
X ‖u‖θY ,

♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✳

❚❡♦r❡♠❛ ✶✵✳ ❙❡❛♥ A0, A1 ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤ ② 1 ≤ p0 < ∞, 1 ≤ p1 < ∞, 0 < θ < 1.
❊♥t♦♥❝❡s✱

[Lp0(A0), L
p1(A1)]θ = Lp([A0, A1]θ),

❞♦♥❞❡ 1
p
= 1−θ

p0
+ θ

p1
✳ ❆❞❡♠ás✱ s✐ 1 ≤ p0 <∞ s❡ t✐❡♥❡

[Lp0(A0), L
∞(A1)]θ = Lp([A0, A1]θ),

❞♦♥❞❡ 1
p
= 1−θ

p0
.

✶✵



❚❡♦r❡♠❛ ✶✶✳ ❙❡❛♥ Ω✱ ✉♥ ❝♦♥❥✉♥t♦ s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r ❞❡ R
n✱ s1 > s2 ≥ 0✱ t❛❧❡s q✉❡

s1 ② s2 6= k + 1/2 ✭k ❡♥t❡r♦ ≥ 0✮✳ ❊♥t♦♥❝❡s✱

[Hs1
0 (Ω), Hs2

0 (Ω)]θ = H(1−θ)s1−θs2(Ω),

s✐ (1− θ)s1 + θs2 6= k + 1/2 ②

[Hm
0 (Ω), H0(Ω)]θ = H(1−θ)m(Ω),

s✐ (1− θ)m 6= k + 1/2✱ ❝♦♥ ♥♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s✳

❚❡♦r❡♠❛ ✶✷✳ ❙❡❛ Ω s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✳ ❙❡❛♥ s1 ② s2 ≥ 0✱ t❛❧❡s q✉❡ s2 6= µ+1/2 ✭µ
❡♥t❡r♦ ≥ 0✮✳ ❊♥t♦♥❝❡s✱

[Hs1(Ω), H−s2(Ω)]θ = H(1−θ)s1−θs2(Ω), ✭✶✳✼✮

s✐ (1− θ)s1 − θs2 6= −1/2− ν ✭ν ❡♥t❡r♦ ≥ 0✮✳

❚❡♦r❡♠❛ ✶✸✳ ❙❡❛ X̃, Ỹ ✉♥ ♣❛r ❞❡ ❡s♣❛❝✐♦s ❞❡ ❍✐❧❜❡rt✱ ❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛♥á❧♦❣❛s ❛ ❧❛s
❞❡❧ ♣❛r X, Y . ❙✐ π ∈ L(X, Y ) ∩ L(X̃, Ỹ )✱ ❡♥t♦♥❝❡s

π ∈ L([X, X̃]θ; [Y, Ỹ ]θ) ♣❛r❛ t♦❞♦ 0 < θ < 1.

❉❡✜♥✐❝✐ó♥ ✶✳✹✳ ❉❡❝✐♠♦s q✉❡ ❞♦s ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s t♦♣♦❧ó❣✐❝♦s ♥♦r♠❛❞♦s X ❡ Y s♦♥
❝♦♠♣❛t✐❜❧❡s s✐ ❡①✐st❡ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ s❡♣❛r❛❜❧❡ U ✱ t❛❧ q✉❡ X ❡ Y s♦♥ s✉❜❡s✲
♣❛❝✐♦s ❞❡ U ✳

❈♦♥s✐❞❡r❡♠♦s ❡❧ ♣❛r (X, Y ) ❞❡ ❡s♣❛❝✐♦s ❝♦♠♣❛t✐❜❧❡s✱ ❡♥t♦♥❝❡s ♣♦❞❡♠♦s ❞❡✜♥✐r s✉ s✉♠❛✱
❞❡♥♦t❛❞❛ ♣♦r

∑
(X, Y ) = X + Y = {u ∈ U, u = x+ y, x ∈ X, y ∈ Y },

✉♥✐❞♦ ❝♦♥ ❧❛ ♥♦r♠❛

‖u‖∑(X,Y ) = inf{‖x‖X + ‖y‖Y , u = x+ y}

②

△(X, Y ) = X ∩ Y

✉♥✐❞♦ ❝♦♥ ❧❛ ♥♦r♠❛

‖u‖△(X,Y ) = max{‖x‖X , ‖y‖Y }.

❙❡❛♥ S = {z|z ∈ C, 0 ≤ ❘❡(z) ≤ 1} ② S0 = {z|z ∈ C, 0 < ❘❡(z) < 1}✳ ❉❡✜♥✐♠♦s F(X, Y )
❝♦♠♦ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❡♥ S q✉❡ s❛t✐s❢❛❝❡♥✿

✶✳ f : C −→
∑

(X, Y )✳ ❛♥❛❧ít✐❝❛ ❡♥ S0❀

✷✳ ‖f(z)‖∑(X,Y ) ≤M ✱ ∀z ∈ S❀

✶✶



✸✳ t −→ f(it) ∈ X✱ s✐❡♥❞♦ ❝♦♥t✐♥✉❛ ② ♥✉❧❛ ❡♥ ❡❧ ✐♥✜♥✐t♦❀

✹✳ t −→ f(1 + it) ∈ Y ✱ s✐❡♥❞♦ ❝♦♥t✐♥✉❛ ② ♥✉❧❛ ❡♥ ❡❧ ✐♥✜♥✐t♦✱

✉♥✐❞♦ ❝♦♥ ❧❛ ♥♦r♠❛

‖f‖F(X,Y ) = max{supt‖f(it)‖X , supt‖f(1 + it)‖Y }.

▲❡♠❛ ✸✳ ❊❧ ❡s♣❛❝✐♦ F(X, Y ) ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳

❉❡✜♥✐❝✐ó♥ ✶✳✺✳ ❉❡✜♥✐♠♦s [X, Y ]θ ❝♦♠♦

[X, Y ]θ =
{
u| u ∈

∑
(X, Y ), u = f(θ), ♣❛r❛ ❛❧❣ú♥ f ∈ F(X, Y )

}

✉♥✐❞♦ ❝♦♥ ❧❛ ♥♦r♠❛

‖u‖[X,Y ]θ
= inf

{
‖f(θ)‖F(X,Y )| u = f(θ), f ∈ F(X, Y )

}
.

❖❜s❡r✈❛❝✐ó♥✳

✶✳ ❊❧ ❡s♣❛❝✐♦ [X, Y ]θ ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❇❛♥❛❝❤✳

✷✳ △(X, Y ) ⊂ [X, Y ]θ ⊂
∑

(X, Y ).

❚❡♦r❡♠❛ ✶✹✳ ❙❡❛♥ X ❡ Y ❞♦s ❡s♣❛❝✐♦s ❞❡ ❇❛♥❛❝❤✱ 1 ≤ p0 ✱ p1 < ∞✱ 0 < θ < 1✳
❊♥t♦♥❝❡s✱

[Lp0(0, T ;X), Lp1(0, T ;Y )]θ = Lp(0, T ; [X, Y ]θ)

❞♦♥❞❡ 1
p
= 1−θ

p0
+ θ

p1
❝♦♥ ♥♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s✳ ❙✐ 1 ≤ p0 <∞✱ t❡♥❡♠♦s

[Lp0(0, T ;X), L∞(0, T ;Y )]θ = Lp(0, T ; [X, Y ]θ)

❞♦♥❞❡ 1
p
= 1−θ

p0
❝♦♥ ♥♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s✳

✶✷



❈❛♣ít✉❧♦ ✷

❊❧ Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②

❉❛❞♦ T > 0✱ ❝♦♥s✐❞❡r❡♠♦s ❡❧ s✐st❡♠❛





yt + νyxxx + (My)x = 0 ❡♥ (0, T )× (0, 1)

y |x=0= v1, y |x=1= v2, yx |x=1= v3 ❡♥ (0, T )

y |t=0= y0 ❡♥ (0, 1).

✭✷✳✶✮

❊st✉❞✐❛r❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❝❧❛s❡ ❞❡ s♦❧✉❝✐♦♥❡s✿

❉❡✜♥✐❝✐ó♥ ✷✳✶✳ ❉❛❞♦s ❚ > 0✱ y0 ∈ H−1(0, 1) ② (v1, v2, v3) ∈ [L2(0, T )]2 × H−1/3(0, T )✱
❞❡❝✐♠♦s q✉❡ ✉♥❛ ❢✉♥❝✐ó♥ y ∈ L2((0, 1) × (0, T )) ❡s ✉♥❛ s♦❧✉❝✐ó♥ ✭♣♦r tr❛♥s♣♦s✐❝✐ó♥✮ ❞❡
✭✷✳✶✮ s✐ y s❛t✐s❢❛❝❡

∫ T

0

∫ 1

0

yf dxdt =〈y0, u |t=0〉H−1(0,1)×H1
0 (0,1)

+ ν

∫ T

0

v1uxx |x=0 dt− ν

∫ T

0

v2uxx |x=1 dt

+ ν〈v3, u |x=1〉H−1/3(0,T )×H1/3(0,1), ∀f ∈ L2((0, 1)× (0, T )), ✭✷✳✷✮

❞♦♥❞❡ u ❡s s♦❧✉❝✐ó♥ ❞❡❧ s✐❣✉✐❡♥t❡ ♣r♦❜❧❡♠❛ ❛❞❥✉♥t♦





−ut − νuxxx −Mux = f ❡♥ (0, T )× (0, 1)

u |x=0= u |x=1= ux |x=0= 0 ❡♥ (0, T )

u |t=T= 0 ❡♥ (0, 1).

✭✷✳✸✮

▲♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❡st❛ ❝❧❛s❡ ❞❡ s♦❧✉❝✐ó♥ s❡ ❞❛rá♥ ❡♥ ❧❛ s❡❝❝✐ó♥ (2,33)
② ❞❡♣❡♥❞❡♥ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❧❛ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❘✐❡s③✱ ❞❡ ❛r❣✉♠❡♥t♦s ❞❡ ✐♥t❡r♣♦❧❛❝✐ó♥
② ❞❡ ❧❛s ❡st✐♠❛t✐✈❛s s✐❣✉✐❡♥t❡s✳

✶✸



✷✳✶✳ ❊st✐♠❛t✐✈❛s ❞❡ ❊♥❡r❣í❛

❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❛♠♦s ❛ ♣r♦❜❛r q✉❡ ♣❛r❛ f ❡♥ L2(0, T ;H−1(0, 1)) ∪ L1(0, T ;L2(0, 1))
❧❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❛❞❥✉♥t♦ ✭✷✳✸✮ ❡stá ❡♥ ❡❧ ❡s♣❛❝✐♦

Y1/4 = L2(0, T ;H1(0, 1)) ∩ C0([0, T ];L2(0, 1)).

▲❡♠❛ ✹✳ ❙❡❛ ▼ ✉♥❛ ❝♦♥st❛♥t❡ ② f ∈ L2(0, T ;H−1(0, 1))∪L1(0, T ;L2(0, 1))✳ ❊♥t♦♥❝❡s✱ ❧❛
s♦❧✉❝✐ó♥ u ❞❡❧ s✐st❡♠❛ ✭✷✳✸✮ ♣❡rt❡♥❡❝❡ ❛ Y1/4✳ ❆❞❡♠ás✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❈✱
t❛❧ q✉❡

‖u‖L∞(0,T ;L2(0,1)) + ν1/2‖u‖L2(0,T ;H1(0,1)) + ν1/2‖ux |x=1 ‖L2(0,T ) ≤
C

ν1/2
‖f‖L2(0,T ;H−1(0,1))

✭✷✳✹✮
‖u‖L∞(0,T ;L2(0,1)) + ν1/2‖u‖L2(0,T ;H1(0,1)) + ν1/2‖ux |x=1 ‖L2(0,T ) ≤ C‖f‖L1(0,T ;L2(0,1)). ✭✷✳✺✮

❉❡♠♦str❛❝✐ó♥✳ ❇❛st❛ ♠♦str❛r ♣❛r❛ f ∈ C∞
0 ((0, T ) × (0, 1))✳ ❊❧ r❡s✉❧t❛❞♦ s✐❣✉❡ ♣♦r ❛r❣✉✲

♠❡♥t♦s ❞❡ ❞❡♥s✐❞❛❞✳

Pr✐♠❡r ❝❛s♦✿ f ∈ L2(0, T ;H−1(0, 1))✳

▼✉❧t✐♣❧✐❝❛♠♦s ❧❛ ❡❝✉❛❝✐ó♥ (2,3) ♣♦r (1− x)u ❡ ✐♥t❡❣r❛♠♦s ❝♦♥ r❡s♣❡❝t♦ ❛ x ✿

−

∫ 1

0

(1− x)uut dx− ν

∫ 1

0

(1− x)uuxxx dx−M

∫ 1

0

(1− x)uux dx =

= 〈f, (1− x)u〉H−1(0,1)×H1
0 (0,1)

. ✭✷✳✻✮

❖❜s❡r✈❡ q✉❡

−ν

∫ 1

0

(1− x)uuxxxdx = ν

∫ 1

0

(1− x)uxuxxdx− ν

∫ 1

0

uuxxdx ✭✷✳✼✮

−M

∫ 1

0

(1− x)(uux) dx = −M

∫ 1

0

(1− x)(
u

2

2

)xdx =
−M

2

∫ 1

0

u2dx. ✭✷✳✽✮

❙✉❜st✐t✉②❡♥❞♦ (2,7) ② (2,8) ❡♥ (2,6) ♦❜t❡♥❡♠♦s

−
1

2

∂

∂t

∫ 1

0

(1− x)u2dx+ν

∫ 1

0

((1− x)(uxuxx)− uuxx)dx−
M

2

∫ 1

0

u2dx =

= 〈f, (1− x)u〉H−1(0,1)×H1
0 (0,1)

. ✭✷✳✾✮

✶✹



◆✉❡✈❛♠❡♥t❡✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♥❡♠♦s ❧❛s ✐❞❡♥t✐❞❛❞❡s

∫ 1

0

(1− x)uxuxxdx =
1

2

∫ 1

0

u2xdx ✭✷✳✶✵✮

②

−

∫ 1

0

uuxxdx =

∫ 1

0

u2x dx. ✭✷✳✶✶✮

❙✉❜st✐t✉②❡♥❞♦ (2,10) ② (2,11) ❡♥ (2,9) ② ✉t✐❧✐③❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✱ ❝♦♥❝❧✉í✲
♠♦s q✉❡

−
1

2

d

dt

∫ 1

0

(1− x)u2dx+ ν
3

2

∫ 1

0

u2xdx =
M

2

∫ 1

0

u2dx+ 〈f, (1− x)u〉H−1(0,1)×H1
0 (0,1)

≤
M

2

∫ 1

0

u2dx + ‖f‖H−1(0,1)‖(1− x)u‖H1
0 (0,1)

≤
M

2

∫ 1

0

u2dx +
ν

2
‖f‖2H−1(0,1) +

1

2ν
‖(1− x)u‖2H1

0 (0,1)
. ✭✷✳✶✷✮

❈♦♠♦

‖(1− x)u‖2H1
0 (0,1)

=

∫ 1

0

u2dx− 2

∫ 1

0

(1− x)(uux)dx+

∫ 1

0

(1− x)2u2xdx =

=

∫ 1

0

(1− x)2u2xdx ≤

∫ 1

0

u2xdx ✭✷✳✶✸✮

❞❡ (2,13) ② (2,12) s❡ ♦❜t✐❡♥❡

−
1

2

d

dt

∫ 1

0

(1− x)u2dx+
3

2
ν

∫ 1

0

u2xdx ≤ C

∫ 1

0

u2dx+
ν

2

∫ 1

0

u2xdx+
C

ν
‖f‖2H−1(0,1). ✭✷✳✶✹✮

❆❤♦r❛✱ ♠✉❧t✐♣❧✐❝❛♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ✭✷✳✸✮ ♣♦r u ❡ ✐♥t❡❣r❛♠♦s ❝♦♥ r❡s♣❡❝t♦ ❛ x ✿

−

∫ 1

0

uutdx− ν

∫ 1

0

uuxxxdx−M

∫ 1

0

uuxdx = 〈f, u〉H−1(0,1)×H1
0 (0,1)

. ✭✷✳✶✺✮

❖❜s❡r✈❡ q✉❡ ∫ 1

0

uuxdx = 0 ✭✷✳✶✻✮

②

−

∫ 1

0

uuxxxdx =

∫ 1

0

uxuxxdx =
1

2

∫ 1

0

(u2x)xdx =
1

2
|ux |x=1 |

2. ✭✷✳✶✼✮

✶✺



■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ✉s❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛rr✐❜❛ ② ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡
❍ö❧❞❡r s✐❣✉❡ q✉❡

−
1

2

d

dt

∫ 1

0

u2dx+
ν

2
‖ux |x=1 ‖

2 = 〈f, u〉H−1(0,1)×H1
0 (0,1)

≤
1

2ν
‖f‖2H−1(0,1)+

ν

2

∫ 1

0

u2xdx. ✭✷✳✶✽✮

❈♦♠❜✐♥❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,14) ② (2,18) ♦❜t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞

−
1

2

d

dt

∫ 1

0

(2− x)u2dx+ν

∫ 1

0

u2xdx+
ν

2
‖ux |x=1 ‖

2 ≤

≤ C

∫ 1

0

u2dx+
ν

2

∫ 1

0

u2xdx+
C

ν
‖f‖2H−1(0,1)

≤
C

2

∫ 1

0

(2− x)u2dx+
ν

2

∫ 1

0

u2xdx+
C

ν
‖f‖2H−1(0,1).

❆sí✱

−
1

2

d

dt

∫ 1

0

(2− x)u2dx−
C

2

∫ 1

0

(2− x)u2dx+
ν

2

∫ 1

0

u2xdx+
ν

2
‖ux |x=1 ‖

2 ≤

≤
C

ν
‖f‖2H−1(0,1).

▲✉❡❣♦✱

−
1

2

d

dt
(eCt

∫ 1

0

(2− x)u2dx) +
ν

2
eCt

∫ 1

0

u2xdx+
ν

2
eCt‖ux |x=1 ‖

2 ≤
C

ν
eCt‖f‖2H−1(0,1). ✭✷✳✶✾✮

❘❡❝♦r❞❛♥❞♦ q✉❡ u(T, x) = 0✱ ✐♥t❡❣r❛♠♦s ✭✷✳✶✾✮ ❞❡ t ❤❛st❛ T ♦❜t❡♥✐❡♥❞♦

1

2
eCt

∫ 1

0

(2− x)u2dx+
ν

2

∫ T

t

(eCs

∫ 1

0

ux(s, x)
2dx)ds+ ν

∫ T

t

eCs‖ux(s, 1)‖
2ds ≤

≤ C

∫ T

t

eCs

ν
‖f(s)‖2H−1(0,1)ds. ✭✷✳✷✵✮

❉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,20) ♦❜t❡♥❡♠♦s ✉♥❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ s❛t✐s❢❛❝❡

1

2

∫ 1

0

u2dx ≤
1

2
eCt

∫ 1

0

(2− x)u2dx ≤ C

∫ T

t

eCT

ν
‖f(s)‖2H−1(0,1)ds

≤
C

ν

∫ T

0

‖f(s)‖2H−1(0,1)ds,

✶✻



♦s❡❛✱

‖u‖L∞(0,T ;L2(0,1)) ≤
C

ν1/2
‖f‖L2(0,T ;H−1(0,1)). ✭✷✳✷✶✮

◆✉❡✈❛♠❡♥t❡✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,20) s✐❣✉❡ q✉❡

ν

2

∫ T

t

(

∫ 1

0

ux(s, x)
2dx)ds ≤

ν

2

∫ T

t

(eCs

∫ 1

0

ux(s, x)
2dx)ds ≤

C

ν

∫ T

0

‖f(s)‖2H−1(0,1)ds

②

ν

∫ T

t

‖ux(s, 1)‖
2ds ≤ ν

∫ T

t

eCs‖ux(s, 1)‖
2ds ≤

C

ν

∫ T

0

‖f(s)‖2H−1(0,1)ds.

❍❛❝✐❡♥❞♦ t→ 0 ❡♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛rr✐❜❛✱ s❡ t✐❡♥❡

ν1/2‖u‖L2(0,T ;H1(0,1)) ≤
C

ν1/2
‖f‖L2(0,T ;H−1(0,1)), ✭✷✳✷✷✮

ν1/2‖ux |x=1 ‖L2(0,T ) ≤
C

ν1/2
‖f‖L2(0,T ;H−1(0,1)). ✭✷✳✷✸✮

❋✐♥❛❧♠❡♥t❡✱ s✉♠❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,21)✱ (2,22) ② (2,23)✱ ♦❜t❡♥❡♠♦s (2,4).

❙❡❣✉♥❞♦ ❝❛s♦✿f ∈ L1(0, T ;L2(0, 1))✳

Pr♦❝❡❞✐❡♥❞♦ ❝♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r ❞❡❞✉❝✐♠♦s q✉❡

−
1

2

d

dt

∫ 1

0

(1− x)u2dx+ ν
3

2

∫ 1

0

u2xdx ≤
M

2

∫ 1

0

u2dx+

∫ 1

0

fudx ✭✷✳✷✹✮

②

−
1

2

d

dt

∫ 1

0

u2dx+
ν

2
‖ux |x=1 ‖

2 =

∫ 1

0

fudx. ✭✷✳✷✺✮

❙✉♠❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛♥t❡r✐♦r❡s✱♦❜t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❞❡s✐❣✉❛❧❞❛❞

−
1

2

d

dt

∫ 1

0

(2− x)u2dx+
3ν

2

∫ 1

0

u2xdx+
ν

2
‖ux |x=1 ‖

2 ≤
C

2

∫ 1

0

u2dx+ 2

∫ 1

0

fudx

≤
C

2

∫ 1

0

(2− x)u2dx+ C

∫ 1

0

fudx.

❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱

−
1

2

d

dt
(eCt

∫ 1

0

(2− x)u2dx)+
3ν

2
eCt

∫ 1

0

u2xdx+
ν

2
eCt‖ux |x=1 ‖

2 ≤ CeCt

∫ 1

0

fudx

≤ CeCT

∫ 1

0

fudx ≤ C

∫ 1

0

fudx. ✭✷✳✷✻✮

✶✼



■♥t❡❣r❛♥❞♦ ❞❡ t ❤❛st❛ T r❡s✉❧t❛ ❞❡ (2,26) q✉❡

1

2
eCt

∫ 1

0

(2− x)u2dx+
3ν

2

∫ T

t

(eCs

∫ 1

0

ux(s, x)
2dx)ds+

ν

2

∫ T

t

eCs‖ux(s, 1)‖
2ds

≤ C

∫ T

t

∫ 1

0

fudxds ≤ C

∫ T

0

∫ 1

0

fudxds. ✭✷✳✷✼✮

❉❡ (2,27) ♦❜t❡♥❡♠♦s ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

1

2

∫ 1

0

u2dx ≤
1

2
eCt

∫ 1

0

(2− x)u2dx ≤ C

∫ T

0

∫ 1

0

fudxds

≤ C‖u‖L∞(0,T ;L2(0,1))‖f‖L1(0,T ;L2(0,1))

≤
1

4
‖u‖2L∞(0,T ;L2(0,1)) + C‖f‖2L1(0,T ;L2(0,1))

❞♦♥❞❡
‖u‖L∞(0,T ;L2(0,1)) ≤ C‖f‖L1(0,T ;L2(0,1)). ✭✷✳✷✽✮

◆✉❡✈❛♠❡♥t❡✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,27) t❡♥❡♠♦s ❧❛ ❡st✐♠❛t✐✈❛

3ν

2

∫ T

t

∫ 1

0

ux(s, x)
2dx)ds ≤

3ν

2

∫ T

t

(eCs

∫ 1

0

ux(s, x)
2dx)ds ≤ C

∫ T

0

∫ 1

0

fudxds.

❍❛❝✐❡♥❞♦ t −→ 0 ✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,28) ♦❜t❡♥❡♠♦s q✉❡

ν1/2‖u‖L2(0,T ;H1
0 (0,1))

≤ C‖f‖L1(0,T ;L2(0,1)). ✭✷✳✷✾✮

❆♥á❧♦❣❛♠❡♥t❡✱ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,27) ② (2,28) ✭❤❛❝✐❡♥❞♦ t −→ 0✮ ❧✐♠✐t❛♠♦s ❡❧ tér✲
♠✐♥♦ ❞❡ ❢r♦♥t❡r❛ ux|x=1✿

ν

2

∫ T

t

‖ux(s, 1)‖
2ds ≤ C‖f‖2L1(0,T ;L2(0,1)),

♦s❡❛✱

ν1/2‖ux |x=1 ‖L2(0,T ) ≤ C‖f‖L1(0,T ;L2(0,1)). ✭✷✳✸✵✮

❙✉♠❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,28)✱ (2, 29) ② (2,30) r❡s✉❧t❛ (2,5).

✶✽



▲❡♠❛ ✺✳ ❙❡❛ M ❡♥ Y1/4 ② f ❝♦♠♦ ❡♥ ❡❧ ▲❡♠❛ ✹✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ✉

❡♥ Y1/4 ❞❡❧ s✐st❡♠❛ (2,3)✳ ❆❞❡♠ás✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C̃ = C̃(‖M‖Y1/4
, ν), t❛❧

q✉❡

‖u‖L∞(0,T ;L2(0,1)) + ‖u‖L2(0,T ;H1(0,1)) + ‖ux |x=1 ‖L2(0,T ) ≤ C̃(‖M‖Y1/4
, ν)‖f‖L2(0,T ;H−1(0,1))

✭✷✳✸✶✮
‖u‖L∞(0,T ;L2(0,1)) + ‖u‖L2(0,T ;H1(0,1)) + ‖ux |x=1 ‖L2(0,T ) ≤ C̃(‖M‖Y1/4

, ν)‖f‖L1(0,T ;L2(0,1)).

✭✷✳✸✷✮

❉❡♠♦str❛❝✐ó♥✳ ❙✐ f ∈ L1(0, T ;L2(0, 1))✱ ❡♥t♦♥❝❡s (2,32) s✐❣✉❡ ❞❡❧ s❡❣✉♥❞♦ ❝❛s♦ ❞❡❧ ▲❡♠❛
✶✳ ❙✐ f ∈ L2(0, T ;H−1(0, 1))✱ ♣♦r ❡❧ ❝❛s♦ ✶ ❞❡❧ ▲❡♠❛ ❛♥t❡r✐♦r ♦❜t❡♥❡♠♦s q✉❡

−
1

2

d

dt

∫ 1

0

(1− x)u2dx+
3ν

2

∫ 1

0

u2xdx−

∫ 1

0

M(1− x)uuxdx

= 〈f, (1− x)u〉H−1(0,1)×H1
0 (0,1)

.

✭✷✳✸✸✮

❆❤♦r❛✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✱
∫ 1

0

M(1− x)uuxdx ≤ ‖ux‖L2(0,1)‖M(1− x)u‖L2(0,1) ≤

≤
ν

2
‖ux‖

2
L2(0,1) +

1

2ν
‖M(1− x)u‖2L2(0,1)

≤
ν

2
‖ux‖

2
L2(0,1) +

C

ν
‖M‖2L∞(0,1)‖u‖

2
L2(0,1). ✭✷✳✸✹✮

▲✉❡❣♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ (2,3) ♣♦r u✱ ✐♥t❡❣r❛♥❞♦ ❝♦♥ r❡s♣❡❝t♦ ❛ x ② ❧❧❡✈❛♥❞♦ ❡♥
❝✉❡♥t❛ ❧❛s ✐❞❡♥t✐❞❛❞❡s (2,16) ② (2,17)✱ t❡♥❡♠♦s

−
1

2

d

dt

∫ 1

0

u2dx+
ν

2
‖ux |x=1 ‖

2 −

∫ 1

0

Muuxdx = 〈f, u〉H−1(0,1)×H1
0 (0,1)

, ✭✷✳✸✺✮

❞♦♥❞❡ ∫ 1

0

Muuxdx ≤
ν

2
‖ux‖

2
L2(0,1) +

C

ν
‖M‖2L∞(0,1)‖u‖

2
L2(0,1). ✭✷✳✸✻✮

❉❡ (2,33)✱ (2,34)✱ (2,35) ② (2,36) r❡s✉❧t❛ q✉❡

−
1

2

d

dt

∫ 1

0

(2− x)u2dx+
ν

2
‖ux |x=1 ‖

2 +
ν

2

∫ 1

0

u2xdx ≤

≤ 〈f, (2− x)u〉H−1(0,1)×H1
0 (0,1)

+
2C

ν
‖M‖2L∞(0,1)

∫ 1

0

u2dx

≤
C

ν
‖f‖2H−1(0,1) +

ν

4

∫ 1

0

u2xdx+
2C

ν
‖M‖2L∞(0,1)

∫ 1

0

u2dx. ✭✷✳✸✼✮

✶✾



P♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ▼♦rr❡②✱ s❡ t✐❡♥❡

‖M‖L∞(0,1) ≤ ‖M‖H1(0,1) ≤ ‖M‖L∞(0,T ;H1(0,1)) ≤ ‖M‖Y1/4
.

▲✉❡❣♦✱ s✉❜st✐t✉②❡♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛rr✐❜❛ ❡♥ (2,37) ♦❜t❡♥❡♠♦s

−
1

2

d

dt

∫ 1

0

(2− x)u2dx+
ν

2
‖ux |x=1 ‖

2+
ν

4

∫ 1

0

u2xdx ≤

≤
C

ν
‖f‖2H−1(0,1) +

2C

ν
‖M‖2Y1/4

∫ 1

0

u2dx

≤ C̃‖f‖2H−1(0,1) +
C̃

2

∫ 1

0

(2− x)u2dx,

❞♦♥❞❡ C̃ = C̃(‖M‖Y1/4
, ν)✳ ❆sí✱

−
1

2

d

dt
(eC̃t

∫ 1

0

(2− x)u2dx) +
ν

4
eC̃t

∫ 1

0

u2xdx+
ν

2
eC̃t‖ux |x=1 ‖

2 ≤ eC̃t‖f‖2H−1(0,1). ✭✷✳✸✽✮

❉❡ (2,38) ② ♣♦r ❡❧ ♠✐s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❡♥ (2,19)− (2,23)✱ s❡ ♦❜t✐❡♥❡

‖u‖L∞(0,T ;L2(0,1)) ≤ C̃(‖M‖Y1/4
, ν)‖f‖L2(0,T ;H−1(0,1)) ✭✷✳✸✾✮

‖u‖L2(0,T ;H1(0,1)) ≤ C̃(‖M‖Y1/4
, ν)‖f‖L2(0,T ;H−1(0,1)) ✭✷✳✹✵✮

‖ux |x=1 ‖L2(0,T ) ≤ C̃(‖M‖Y1/4
, ν)‖f‖L2(0,T ;H−1(0,1)). ✭✷✳✹✶✮

❋✐♥❛❧♠❡♥t❡✱ s✉♠❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,39)✱ (2,40) ② (2,41) ❞❡❞✉❝✐♠♦s ❧❛ ❞❡s✐❣✉❛❧❞❛❞
(2,31)✳

✷✳✷✳ ❘❡❣✉❧❛r✐❞❛❞ ② ❡st✐♠❛t✐✈❛s ♣❛r❛ ❡❧ ❝❛s♦ ▼❂✵

❊♥ ❡st❛ s❡❝❝✐ó♥ ❞❡♠♦str❛♠♦s ✉♥ r❡s✉❧t❛❞♦ ❞❡ r❡❣✉❧❛r✐❞❛❞ ♣❛r❛ ❡❧ s✐❣✉✐❡♥t❡ s✐st❡♠❛✿




−ut − νuxxx = g ❡♥ (0, T )× (0, 1)

u |x=0= u |x=1= ux |x=0= 0 ❡♥ (0, T )

u |t=T= 0 ❡♥ (0, 1)

✭✷✳✹✷✮

■♥✐❝✐❛❧♠❡♥t❡✱ ✐♥tr♦❞✉❝✐♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❡s♣❛❝✐♦s ❢✉♥❝✐♦♥❛❧❡s

X0 = L2(0, T : H−2(0, 1)); X1 = L2(0, T : H2
0 (0, 1)); X̃0 = L2(0, T : H−1(0, 1))

X̃1 = L1(0, T : (H3 ∩H2
0 )(0, 1)) ; Y0 = L2(0, T ;L2(0, 1)) ∩ C0([0, T ];H−1(0, 1))

✷✵



②

Y1 = L2(0, T ;H4(0, 1)) ∩ C0([0, T ];H3(0, 1)).

❈♦♥s✐❞❡r❛r❡♠♦s ❧♦s ❡s♣❛❝✐♦s X0 ② X1 ✉♥✐❞♦s ❝♦♥ ❧❛s ♥♦r♠❛s ✉s✉❛❧❡s✱ ❡♥ ❝✉❛♥t♦ q✉❡ ❡♥ Y0
② Y1 ❧❛s ♥♦r♠❛s s❡rá♥ ❞❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r

‖u‖Y0 := ν1/2‖u‖L2(0,T ;L2(0,1)) + ‖u‖L∞(0,T ;H−1(0,1))

②

‖u‖Y1 := ν1/2‖u‖L2(0,T ;H4(0,1)) + ‖u‖L∞(0,T ;H3(0,1)).

▲❡♠❛ ✻✳ ❙❡❛ g ∈ L2(0, T : H2
0 (0, 1)) ∪ L1(0, T : (H3 ∩ H2

0 )(0, 1))✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥❛
ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞❡ (2,42) ❡♥ Y1✱ t❛❧ q✉❡

‖u‖Y1 + ν−1/2‖ux |x=1 ‖H1(0,T ) ≤
C

ν1/2
‖g‖L2(0,T ;H2(0,1)) ✭✷✳✹✸✮

②

‖u‖Y1 + ν−1/2‖ux |x=1 ‖H1(0,T ) ≤ C‖g‖L1(0,T ;H3(0,1)) ✭✷✳✹✹✮

♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✳

❉❡♠♦str❛❝✐ó♥✳ ❱❛♠♦s ❛ s✉♣♦♥❡r q✉❡ g ∈ C∞([0, T ] × [0, 1]) ❝♦♥ g |x=0= g |x=1=
gx |x=0= gx |x=1= 0✳ ◆✉❡✈❛♠❡♥t❡✱ ❧❛ ❝♦♥❝❧✉s✐ó♥ ❞❡ ❧♦s ❝❛s♦s g ∈ L2(0, T : H2

0 (0, 1)) ②
g ∈ L1(0, T : (H3 ∩H2

0 )(0, 1)) r❡s✉❧t❛ ❞❡ ❛r❣✉♠❡♥t♦s ❞❡ ❛♣r♦①✐♠❛❝✐ó♥ ② ❞❡♥s✐❞❛❞✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❛♣❧✐❝❛♠♦s ❡❧ ♦♣❡r❛❞♦r P1 = ∂xxx ❛ ❧❛ ❡❝✉❛❝✐ó♥ (2,42)✿

(P1u)t + νP 2
1 u = −P1g ❡♥ (0, T )× (0, 1). ✭✷✳✹✺✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ♣♦r −(1− x)P1u ❡ ✐♥t❡❣r❛♥❞♦ ❡♥ (0, 1)✱ ♦❜t❡♥❡♠♦s

−
1

2

d

dt

∫ 1

0

(1− x) | P1u |2 dx− ν

∫ 1

0

(1− x)P 2
1 uP1udx =

∫ 1

0

(1− x)P1uP1gdx. ✭✷✳✹✻✮

P♦r ❧♦s ❞❛t♦s ❞❡ ❝♦♥t♦r♥♦ ② ♣♦r ❧❛ ❡❧❡❝❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ g✱ ♦❜t❡♥❡♠♦s ❞❡ (2,42) q✉❡

u3x(t, 0) = u3x(t, 1) = u4x(t, 0) = 0.

✷✶



❆sí✱

−ν

∫ 1

0

(1− x)P1uP
2
1 udx = −ν

∫ 1

0

(1− x)u6xu3xdx

= −ν(((1− x)u5xu3x)|
1
0 −

∫ 1

0

u5x((1− x)u4x − u3x)dx)

= ν

∫ 1

0

u4x((1− x)u4x − u3x)dx

= ν((u5x((1− x)u4x − u3x) |
1
0 +

∫ 1

0

u4x(2u4x − (1− x)u5x)dx)

= ν

∫ 1

0

u4x(2u4x − (1− x)u5x)dx)

= 2ν

∫ 1

0

| u4x |2 dx− ν

∫ 1

0

u4x(1− x)u5x)dx

= 2ν

∫ 1

0

| u4x |2 dx−
ν

2

∫ 1

0

(1− x)(| u4x |2)xdx

= 2ν

∫ 1

0

| u4x |2 dx−
ν

2
(((1− x)u4x) |

1
0 +

∫ 1

0

| u4x |2 dx)

= 2ν

∫ 1

0

| u4x |2 dx−
ν

2

∫ 1

0

| u4x |2 dx =
3ν

2

∫ 1

0

| u4x |2 dx

=
3ν

2

∫ 1

0

| P1ux |2 dx. ✭✷✳✹✼✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ (2,45) ♣♦r −P1u ❡ ✐♥t❡❣r❛♥❞♦ ❡♥ (0, 1) ♦❜t❡♥❡♠♦s

−
1

2

d

dt

∫ 1

0

| P1u |2 dx− ν

∫ 1

0

P1uP
2
1 udx =

∫ 1

0

P1uP1gdx. ✭✷✳✹✽✮

❆♥á❧♦❣❛♠❡♥t❡✱

−ν

∫ 1

0

P1uP
2
1 udx = −ν

∫ 1

0

u6xu3xdx = −ν((u5xu3x) |
1
0 −

∫ 1

0

u5xu4xdx)

= ν

∫ 1

0

u5xu4xdx =
ν

2

∫ 1

0

d

dx
| u4x |2 dx

=
ν

2

∫ 1

0

d

dx
| P1ux |2 dx =

ν

2
| P1ux(t, 1) |

2

=
ν

2
(−

1

ν
(gx(t, 0) + uxt |x=1))

2 =
1

2ν
| uxt |x=1|

2 . ✭✷✳✹✾✮

❙✉❜st✐t✉②❡♥❞♦ (2,47) ❡♥ (2,46) ② (2,49) ❡♥ (2,48) s❡ ♦❜t✐❡♥❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

−
1

2

d

dt

∫ 1

0

(1− x) | P1u |2 dx+
3ν

2

∫ 1

0

| P1ux |2 dx =

∫ 1

0

(1− x)P1uP1gdx

✷✷



②

−
1

2

d

dt

∫ 1

0

| P1u |2 dx+
1

2ν
| uxt |x=1|

2=

∫ 1

0

P1uP1gdx.

❙✉♠❛♥❞♦ ❧❛s ✐❞❡♥t✐❞❛❞❡s ❛rr✐❜❛✱ s✐❣✉❡ q✉❡

−
1

2

d

dt

∫ 1

0

(2− x) | P1u |2 dx+
3ν

2

∫ 1

0

| P1ux |2 dx+
1

2ν
| uxt |x=1|

2=

=

∫ 1

0

(2− x)P1uP1gdx. ✭✷✳✺✵✮

❈♦♠♦ P1u |t=T= 0✱ ✐♥t❡❣r❛♥❞♦ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ❞❡ t ❤❛st❛ T ♦❜t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡
✐❞❡♥t✐❞❛❞✿

1

2

∫ 1

0

(2− x)|P1u|
2(t)dx+

3ν

2

∫ T

t

∫ 1

0

| P1ux(s, x) |
2 dxds

+
1

2ν

∫ T

t

| uxt(s, 1) |
2 ds0 =

∫ T

t

∫ 1

0

(2− x)P1uP1gdxds. ✭✷✳✺✶✮

❱❛♠♦s ❛ ❡st✐♠❛r ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ (2,51)✳ ❈♦♥s✐❞❡r❛r❡♠♦s ❞♦s ❝❛s♦s✿

Pr✐♠❡r ❝❛s♦✿ g ∈ L2(0, T : H2
0 (0, 1))✳

❈♦♠♦ P1u |x=0,1= 0✱ s❡ ♦❜t✐❡♥❡

∫ 1

0

(2− x)P1uP1gdx =

∫ 1

0

gxx(u3x − (2− x)u4x)dx =

∫ 1

0

gxx(P1u− (2− x)P1ux)dx.

▲❛ ✐❞❡♥t✐❞❛❞ ❛♥t❡r✐♦r ❥✉♥t❛♠❡♥t❡ ❝♦♥ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ② ❈❛✉❝❤②✲❙❝❤✇❛r③ ♥♦s
❣❛r❛♥t✐③❛♥ q✉❡

∣∣∣∣
∫ T

t

∫ 1

0

(2− x)P1uP1gdxds

∣∣∣∣ ≤
∫ T

t

(

∫ 1

0

gxx(2 | P1u | +2 | P1ux |)dx)ds

≤ 2

∫ T

t

(

∫ 1

0

| gxx || P1ux | dx+

∫ 1

0

| gxx || P1u | dx)ds

≤ 2

∫ T

t

‖gxx‖L2(0,1)(‖P1ux‖L2(0,1) + ‖P1u‖L2(0,1))ds

≤ C(

∫ T

t

(‖P1ux‖L2(0,1) + ‖P1u‖L2(0,1))
2ds)1/2(

∫ T

t

‖gxx‖
2
L2(0,1)ds)

1/2

≤ C(

∫ T

t

(‖P1ux‖
2
L2(0,1) + ‖P1u‖

2
L2(0,1))ds)

1/2‖gxx‖L2(0,T ;L2(0,1))

≤ C‖P1u‖L2(t,T ;H1(0,1))‖gxx‖L2(0,T ;L2(0,1))

≤
ν

2
‖P1u‖

2
L2(t,T ;H1(0,1)) +

C

ν
‖gxx‖

2
L2(0,T ;L2(0,1)). ✭✷✳✺✷✮

✷✸



❙❡❣✉♥❞♦ ❝❛s♦✿ g ∈ L1(0, T : (H3 ∩H2
0 )(0, 1))✳

Pr♦❝❡❞❡♠♦s ❝♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✿∣∣∣∣
∫ T

0

∫ 1

0

(2− x)P1uP1g, dxds

∣∣∣∣ ≤ 2

∫ T

0

(

∫ 1

0

|P1u||P1g|)dx)ds

≤ 2

∫ T

0

‖P1u‖L2(0,1)‖P1g‖L2(0,1)ds

≤ 2‖P1u‖L∞(0,T ;L2(0,1))‖P1g‖L1(0,T ;L2(0,1))

≤
1

4
‖P1u‖

2
L∞(0,T ;L2(0,1)) + 4‖P1g‖

2
L1(0,T ;L2(0,1)), ✭✷✳✺✸✮

❧♦ q✉❡ ❝♦♥❝❧✉②❡ ❧❛s ❡st✐♠❛t✐✈❛s ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ (2,51)✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❞❡ (2,51) ② (2,52) s❡ t✐❡♥❡

1

2

∫ 1

0

(2− x)|P1u|
2(t)dx+ ν

∫ T

t

∫ 1

0

|P1ux(s, x)|
2dxds ≤

≤
ν

2

∫ T

t

∫ 1

0

|P1u|
2dxds+

C

ν

∫ T

0

‖gxx‖
2
L2(0,1)ds,

❞❡ ❞♦♥❞❡

1

2

∫ 1

0

|P1u|
2(t)dx ≤

1

2

∫ 1

0

(2− x)|P1u|
2(t)dx+ ν

∫ T

t

∫ 1

0

|P1ux(s, x)|
2dxds

≤
ν

2

∫ T

t

∫ 1

0

|P1u|
2dxds+

C

ν

∫ T

0

‖gxx‖
2
L2(0,1)ds. ✭✷✳✺✹✮

▲✉❡❣♦✱

‖P1u(t)‖
2
L2(0,1) ≤ ν

∫ T

t

‖P1u(s)‖
2
L2(0,1)ds+

C

ν

∫ T

0

‖gxx‖
2
L2(0,1)ds ✭✷✳✺✺✮

②✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ●r♦♥✇❛❧❧✱ ❝♦♥❝❧✉í♠♦s q✉❡

‖P1u(t)‖
2
L2(0,1) ≤

C

ν
(

∫ T

0

‖gxx‖
2
L2(0,1)ds)e

ν(T−t) ≤
C

ν
(

∫ T

0

‖gxx‖
2
L2(0,1)ds)e

T

≤
C

ν

∫ T

0

‖gxx‖
2
L2(0,1)ds. ✭✷✳✺✻✮

✷✹



❉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ P♦✐♥❝❛ré ② ❞❡ (2,56)✱ s❡ ♦❜t✐❡♥❡

‖u(t)‖H3(0,1) ≤ C‖P1u(t)‖L2(0,1) ≤
C

ν1/2
(

∫ T

0

‖gxx‖
2
L2(0,1)ds)

1/2 ≤
C

ν1/2
‖g‖L2(0,T ;H2(0,1),

✭✷✳✺✼✮

②✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,57)✱ s✐❣✉❡ ❧❛ ❡st✐♠❛t✐✈❛

‖u‖L∞(0,T ;H3(0,1)) ≤
C

ν1/2
‖g‖L2(0,T ;H2(0,1)). ✭✷✳✺✽✮

P❛r❛ ❡st✐♠❛r ❡❧ tér♠✐♥♦ ❞❡ ❢r♦♥t❡✐r❛ ux|x=1✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❤❛❝❡♠♦s t −→ 0 ❡♥ (2,51) ②
(2,52) :

1

2ν

∫ T

0

| uxt(s, 1) |
2 ds ≤

ν

2

∫ T

0

∫ 1

0

|P1u|
2dxds+

C

ν

∫ T

0

‖gxx‖
2
L2(0,1)ds. ✭✷✳✺✾✮

❉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,56) ✐♥t❡❣r❛♥❞♦ ❞❡s❞❡ 0 ❤❛st❛ T ✿

∫ T

0

‖P1u(s)‖
2
L2(0,1)ds ≤

C

ν

∫ T

0

‖gxx‖
2
L2(0,1)ds ≤

C

ν2

∫ T

0

‖gxx‖
2
L2(0,1)ds ✭✷✳✻✵✮

▲✉❡❣♦✱ ❞❡ (2,59) ② (2,60)✱ s✐❣✉❡ q✉❡

1

2ν

∫ T

0

| uxt(s, 1) |
2 ds ≤

C

ν

∫ T

0

‖gxx‖
2
L2(0,1)ds ≤

C

ν
‖g‖2L2(0,T ;H2(0,1)), ✭✷✳✻✶✮

♦s❡❛✱

ν−1/2‖ux |x=1 ‖H1
0 (0,T ) ≤

C

ν1/2
‖g‖L2(0,T ;H2(0,1)). ✭✷✳✻✷✮

❆❤♦r❛✱ ❤❛❝✐❡♥❞♦ t −→ 0 ❡♥ (2,54)✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,60) s❡ ♦❜t✐❡♥❡

ν

∫ T

0

∫ 1

0

|P1ux(s, x)|
2dxds ≤

ν

2

∫ T

0

∫ 1

0

|P1u|
2dxds+

C

ν

∫ T

0

‖gxx‖
2
L2(0,1)ds

≤
C

ν

∫ T

0

‖gxx‖
2
L2(0,1)ds ≤

C

ν
‖g‖2L2(0,T ;H2(0,1)).

❆sí✱

ν1/2‖P1u‖L2(0,T ;H1
0 (0,1))

≤
C

ν1/2
‖g‖L2(0,T ;H2(0,1)) ✭✷✳✻✸✮

✷✺



② ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ P♦✐♥❝❛ré ♦❜t❡♥❡♠♦s ✉♥❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ s❛t✐s❢❛❝❡

ν1/2‖u‖L2(0,T ;H4(0,1)) ≤ Cν1/2‖P1u‖L2(0,T ;H1(0,1)) ≤
C

ν1/2
‖g‖L2(0,T ;H2(0,1)). ✭✷✳✻✹✮

❋✐♥❛❧♠❡♥t❡✱ s✉♠❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,58)✱ (2,62) ② (2,64) s❡ ♦❜t✐❡♥❡ (2,43)✳

P❛r❛ ♣r♦❜❛r ❛ ❡st✐♠❛t✐✈❛ (2,44)✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♠❜✐♥❛♠♦s (2,51) ② (2,53)✿

1

2
‖P1u(t)‖

2
L2(0,1) ≤

1

4
‖P1u‖

2
L∞(0,T ;L2(0,1)) + 4‖P1g‖

2
L1(0,T ;L2(0,1)),

♦s❡❛✱

1

2
‖P1u‖

2
L∞(0,T ;L2(0,1)) ≤

1

4
‖P1u‖

2
L∞(0,T ;L2(0,1)) + 4‖P1g‖

2
L1(0,T ;L2(0,1)).

❆sí✱
‖P1u‖L∞(0,T ;L2(0,1)) ≤ C‖P1g‖L1(0,T ;L2(0,1)) ≤ C‖g‖L1(0,T ;H3(0,1)). ✭✷✳✻✺✮

◆✉❡✈❛♠❡♥t❡✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ P♦✐♥❝❛ré✱ s❡ ♦❜t✐❡♥❡

‖u‖L∞(0,T ;H3(0,1)) ≤ C‖P1u‖L∞(0,T ;L2(0,1)) ≤ C‖g‖L1(0,T ;H3(0,1)), ✭✷✳✻✻✮

❡st♦ ❡s✱
‖u‖L∞(0,T ;H3(0,1)) ≤ C‖g‖L1(0,T ;H3(0,1)). ✭✷✳✻✼✮

❉❡ (2,51)✱ (2,53) ② (2,65) s✐❣✉❡ ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛t✐✈❛

3ν

2

∫ T

t

∫ 1

0

| P1ux(s, x) |
2 dxds ≤ C‖g‖2L1(0,T ;H3(0,1)) ✭✷✳✻✽✮

❞❡ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡

ν1/2‖P1u‖L2(0,T ;H1
0 (0,1))

≤ C‖g‖L1(0,T ;H3(0,1)), ✭✷✳✻✾✮

❝✉❛♥❞♦ t −→ 0✳ ❆♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ P♦✐♥❝❛ré✱ ♦❜t❡♥❡♠♦s

ν1/2‖u‖L2(0,T ;H4(0,1)) ≤ Cν1/2‖P1u‖L2(0,T ;H1(0,1)) ≤ C‖g‖L1(0,T ;H3(0,1)). ✭✷✳✼✵✮

✷✻



P❛r❛ ❡st✐♠❛r ❡❧ t❡r♠✐♥♦ ❞❡ ❢r♦♥t❡r❛ ux|x=1✱ ❤❛❝❡♠♦s t −→ 0 ❡♥ (2,51)✱ ✉s❛♥❞♦ ❧❛ ❞❡✲
s✐❣✉❛❧❞❛❞ (2,53)✿

1

2ν
‖ux |x=1 ‖

2
H1

0 (0,T ) ≤
1

4
‖P1u‖

2
L∞(0,T ;L2(0,1)) + 4‖P1g‖

2
L1(0,T ;L2(0,1)). ✭✷✳✼✶✮

▲✉❡❣♦✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,65) r❡s✉❧t❛ q✉❡

ν−1/2‖ux |x=1 ‖H1
0 (0,T ) ≤ C‖g‖L1(0,T ;H3(0,1)) ✭✷✳✼✷✮

❋✐♥❛❧♠❡♥t❡✱ s✉♠❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,67)✱ (2,70) ② (2,72) ♦❜t❡♥❡♠♦s (2,44)✳

✷✳✸✳ ❊st✐♠❛t✐✈❛s ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ❢r♦♥t❡r❛ ♣❛r❛ ❡❧ ❝❛s♦ ▼ ❂ ✵

✷✳✸✳✶✳ ❆r❣✉♠❡♥t♦s ❞❡ ✐♥t❡r♣♦❧❛❝✐ó♥

■♥tr♦❞✉❝✐♠♦s ❧♦s ❡s♣❛❝✐♦s ❢✉♥❝✐♦♥❛❧❡s

X1/4 = L2(0, T : H−1(0, 1)) ; X̃1/4 = L1(0, T : L2(0, 1))

Xθ = (X1, X1/4)[θ] = L2(0, T ;H2−3θ(0, 1)

X̃θ = (X̃1, X̃1/4)[θ] = L1(0, T ;H3(1−θ) ∩H2(1−θ)
0 (0, 1)) ✭✷✳✼✸✮

Y1/4 = L2(0, T ;H1(0, 1)) ∩ C0([0, T ];L2(0, 1))

②

Yθ = (Y1, Y1/4)[θ] = L2(0, T ;H4−3θ(0, 1)) ∩ C0([0, T ];H3(1−θ)(0, 1)) ✭✷✳✼✹✮

♣❛r❛ t♦❞♦ θ ∈ [0, 1].

❈♦♥s✐❞❡r❛r❡♠♦s ❧♦s ❡s♣❛❝✐♦s X1/4 ② X̃1/4 ✉♥✐❞♦ ❝♦♥ ❧❛s ♥♦r♠❛s ✉s✉❛❧❡s✱ ❡♥ ❝✉❛♥t♦ q✉❡
❡♥ Y1/4 ❧❛ ♥♦r♠❛ s❡rá ❞❛❞❛ ♣♦r

‖u‖Y1/4
= ‖u‖L∞(0,T ;L2(0,1)) + ν1/2‖u‖L2(0,T ;H1(0,1)).

❉❡✜♥✐♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧

A : g 7−→ u

❞♦♥❞❡ u ② g s♦♥ ❞❛❞❛s ❡♥ (2,42)✳ P♦r ❧♦s ▲❡♠❛s ✹ ② ✻ t❡♥❡♠♦s q✉❡ A ❛♣❧✐❝❛ ❞❡ ♠❛♥❡r❛
❝♦♥t✐♥✉❛ X1/4 ❡♥ Y1/4 ② X1 ❡♥ Y1✳ ❆❞❡♠ás✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱ t❛❧ q✉❡

‖Ag‖Y1/4
≤

C

ν1/2
‖g‖X1/4

; ‖Ag‖Y1 ≤
C

ν1/2
‖g‖X1 .

✷✼



❊♥t♦♥❝❡s✱ A ∈ L(X1/4;Y1/4) ∩ L(X1;Y1) ②

‖A‖L(X1/4;Y1/4) ≤
C

ν1/2
; ‖A‖L(X1;Y1) ≤

C

ν1/2
. ✭✷✳✼✺✮

❆♥á❧♦❣❛♠❡♥t❡✱ s❡ ♦❜t✐❡♥❡ q✉❡ A ❛♣❧✐❝❛ ❞❡ ♠❛♥❡r❛ ❝♦♥t✐♥✉❛ X̃1/4 ❡♥ Y1/4 ② X̃1 ❡♥ Y1✳
❆❞❡♠ás✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦st✐✈❛ C✱ t❛❧ q✉❡

‖Ag‖Y1/4
≤ C‖g‖X̃1/4

; ‖Ag‖Y1 ≤ C‖g‖X̃1
.

❊♥t♦♥❝❡s✱ A ∈ L(X̃1/4;Y1/4) ∩ L(X̃1;Y1) ②

‖A‖L(X̃1/4;Y1/4)
≤ C ; ‖A‖L(X̃1;Y1)

≤ C. ✭✷✳✼✻✮

❯t✐❧✐③❛♥❞♦ ❛r❣✉♠❡♥t♦s ❝❧ás✐❝♦s ❞❡ ✐♥t❡r♣♦❧❛❝✐ó♥✱ ♦❜t❡♥❡♠♦s ❞❡ (2,75) ② (2,76) q✉❡ A
❛♣❧✐❝❛ ❞❡ ♠❛♥❡r❛ ❝♦♥t✐♥✉❛ Xθ ② X̃θ ❡♥ Yθ✱ ♣❛r❛ t♦❞♦ θ ∈ [0, 1]✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❞❡♠ás✱
❧❛ ♥♦r♠❛ ❞❡❧ ♦♣❡r❛❞♦r A s❛t✐s❢❛❝❡

‖A‖L(Xθ;Yθ) ≤ C‖A‖1−θ
L(X1;Y1)

‖A‖θL(X1/4;Y1/4)
≤

C

ν1/2
✭✷✳✼✼✮

②

‖A‖L(X̃θ;Yθ)
≤ C‖A‖1−θ

L(X̃1;Y1)
‖A‖θ

L(X̃1/4;Y1/4)
≤ C, ✭✷✳✼✽✮

♣❛r❛ t♦❞♦ θ ∈ [0, 1]✳

❈♦♥s✐❞❡r❡♠♦s ❛❤♦r❛ ❧❛ s✐❣✉✐❡♥t❡ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧

B : g 7−→ ux|x=1.

◆✉❡✈❛♠❡♥t❡✱ ♣♦r ❧♦s ▲❡♠❛s ✹ ② ✻ t❡♥❡♠♦s q✉❡ B ❛♣❧✐❝❛ ❞❡ ♠❛♥❡r❛ ❝♦♥t✐♥✉❛ X1/4 ❡♥
L2(0, T ) ② X1 ❡♥ H1(0, T )✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❞❡♠ás✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱ t❛❧
q✉❡

‖Bg‖L2(0,T ) ≤
C

ν
‖g‖X1/4

; ‖Bg‖H1(0,T ) ≤ C‖g‖X1 .

❊♥t♦♥❝❡s✱ B ∈ L(X1/4;L
2(0, T )) ∩ L(X1;H

1(0, T )) ②

‖B‖L(X1/4;L
2(0,T )) ≤

C

ν
; ‖B‖L(X1;H1(0,T )) ≤ C. ✭✷✳✼✾✮

✷✽



❉❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛✱ B ❛♣❧✐❝❛ ❞❡ ♠❛♥❡r❛ ❝♦♥t✐♥✉❛ X1/4 ❡♥ L2(0, T ) ② X1 ❡♥ H1(0, T )✳
❆❞❡♠ás✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱ t❛❧ q✉❡

‖Bg‖L2(0,T ) ≤
C

ν1/2
‖g‖X̃1/4

; ‖Bg‖H1(0,T ) ≤ Cν1/2‖g‖X̃1
.

▲✉❡❣♦✱ B ∈ L(X̃1/4;L
2(0, T )) ∩ L(X̃1;H

1(0, T )) ②

‖B‖L(X̃1/4;L
2(0,T )) ≤

C

ν1/2
; ‖B‖L(X̃1;H1(0,T )) ≤ Cν1/2. ✭✷✳✽✵✮

P♦r ❛r❣✉♠❡♥t♦s ❞❡ ✐♥t❡r♣♦❧❛❝✐ó♥✱ ❞❡ (2,79) ② (2,80) ♦❜t❡♥❡♠♦s q✉❡ B ❛♣❧✐❝❛ ❞❡ ♠❛♥❡r❛
❝♦♥t✐♥✉❛Xθ ② X̃θ ❡♥H1−θ(0, T ) ♣❛r❛ t♦❞♦ θ ∈ [0, 1]✳ ❆❞❡♠ás✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛
C✱ t❛❧ q✉❡

‖B‖L(Xθ;H1−θ(0,T )) ≤ C‖B‖1−θ
L(X1;H1(0,T ))‖B‖θL(X1/4;L

2(0,T )) ≤ Cν−θ ✭✷✳✽✶✮

②

‖B‖L(X̃θ;H1−θ(0,T )) ≤ C‖B‖1−θ

L(X̃1;H1(0,T ))
‖B‖θ

L(X̃1/4;L
2(0,T ))

≤ Cν(1−2θ)/2, ✭✷✳✽✷✮

♣❛r❛ t♦❞♦ θ ∈ [0, 1]✳

✷✳✸✳✷✳ ❊st✐♠❛t✐✈❛s ❞❡ ❧♦s tér♠✐♥♦s ❢r♦♥t❡r❛

❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❛♠♦s ❛ ♦❜t❡♥❡r ❡st✐♠❛t✐✈❛s ♣❛r❛ ❧♦s tér♠✐♥♦s ❞❡ ❢r♦♥t❡r❛ u|t=0✱ ux|x=1✱
uxx|x=0 ❡ uxx|x=1✳ ❈♦♠❡♥③❛♠♦s ♣r♦❜❛♥❞♦ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ✼✳ ❙❡❛ g ∈ L2(0, T ;L2(0, 1)) ∪ L1(0, T ;H1
0 (0, 1))✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡

♣♦s✐t✐✈❛ C✱ t❛❧ q✉❡

‖u|t=0‖H1(0,1) + ν1/6‖ux|x=1‖H1/3(0,1)+ν
1/2‖uxx|x=0‖L2(0,T ) + ν1/2‖uxx|x=1‖L2(0,T ) ≤

≤





Cν−1/2‖g‖L2(0,T ;L2(0,1))

C‖g‖L1(0,T ;H1(0,1)),

✭✷✳✽✸✮

❞♦♥❞❡ u ❡s s♦❧✉❝✐ó♥ ❞❡ (2,42)✳

✷✾



❉❡♠♦str❛❝✐ó♥✳ P❛r❛ θ = 2/3 ❡♥ (2,73)✱ s❡ t✐❡♥❡ q✉❡ g ∈ X2/3 = L2(0, T : L2(0, 1))✳ ▲✉❡❣♦✱
❡♥ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,77) ♦❜t❡♥❡♠♦s

A ∈ L(X2/3;Y2/3) ② ‖A‖L(X2/3;Y2/3) ≤
C

ν1/2
.

P♦r ❧♦ t❛♥t♦

‖u‖Y2/3
= ‖Ag‖Y2/3

≤ ‖A‖L(X2/3;Y2/3)‖g‖X2/3
≤

C

ν1/2
‖g‖X2/3

. ✭✷✳✽✹✮

❊♥ (2,81)✱ ♣❛r❛ θ = 2/3✱ s❡ t✐❡♥❡ q✉❡

B ∈ L(X2/3;H
1/3(0, T )) ② ‖B‖L(X2/3;H

1/3(0,T )) ≤ Cν−2/3.

❆sí✱

‖ux|x=1‖H1/3(0,T )) = ‖Bg‖H1/3(0,T )) ≤ ‖B‖L(X2/3;H
1/3(0,T ))‖g‖X2/3

≤ Cν−2/3‖g‖X2/3
. ✭✷✳✽✺✮

❙❡❛ X̂2/3 = L1(0, T ;H1
0 (0, 1))✳ ❈♦♠♦ H1

0 (0, 1) →֒ H1(0, 1)∩H2/3
0 (0, 1)✱ ♦❜t❡♥❡♠♦s q✉❡

X̂2/3 = L1(0, T ;H1
0 (0, 1)) →֒ L1(0, T ;H1(0, 1) ∩H2/3

0 (0, 1)) = X̃2/3.

❊♥t♦♥❝❡s✱ ♣❛r❛ θ = 2/3✱ ❡♥ (2,78) s❡ ♦❜t✐❡♥❡

A ∈ L(X̃2/3;Y2/3) ② ‖A‖L(X̃2/3;Y2/3)
≤ C,

❞❡ ❞♦♥❞❡
‖u‖Y2/3

= ‖Ag‖Y2/3
≤ ‖A‖L(X̃2/3;Y2/3)

‖g‖X̃2/3
≤ C‖g‖X̂2/3

. ✭✷✳✽✻✮

❆♥á❧♦❣❛♠❡♥t❡✱ s❡ t✐❡♥❡ ❡♥ (2,82) q✉❡ B ∈ L(X̃2/3;H
1/3(0, T )) ②

‖B‖L(X̃2/3;H
1/3(0,T )) ≤ Cν−1/6.

❆sí✱

‖ux|x=1‖H1/3(0,T )) = ‖Bg‖H1/3(0,T )) ≤ ‖B‖L(X̃2/3;H
1/3(0,T ))‖g‖X̃2/3

≤ Cν−1/6‖g‖X̂2/3
. ✭✷✳✽✼✮

❈♦♠♦ ‖u|t=0‖H1(0,1)) ≤ C‖u‖Y2/3
✱ r❡s✉❧t❛ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,84) ② (2,86) q✉❡

‖u|t=0‖H1(0,1)) ≤





C

ν1/2
‖g‖X2/3

C‖g‖X̂2/3
.

✭✷✳✽✽✮

❉❡ (2,85) ② (2,87) ♦❜t❡♥❡♠♦s

✸✵



‖ux|x=1‖H1/3(0,T )) ≤





Cν−2/3‖g‖X2/3

Cν−1/6‖g‖X̂2/3
.

✭✷✳✽✾✮

❘❡st❛ ❛♣❡♥❛s ♣r♦❜❛r q✉❡ uxx|x=1 ✱ uxx|x=0 ∈ L2(0, T )✳ Pr♦❜❛r❡♠♦s ✉♥❛ ❡st✐♠❛t✐✈❛
♣❛r❛ uxx|x=0 ✭❧♦ ♠✐s♠♦ ♣✉❡❞❡ s❡r ❤❡❝❤♦ ♣❛r❛ uxx|x=1✮✳ ❱❛♠♦s ❛ ✐♥tr♦❞✉❝✐r ✉♥❛ ❢✉♥❝✐ó♥
ρ ∈ C3([0, 1]) q✉❡ s❛t✐s❢❛❝❡ ρ|[0,1/2] = 1 ✱ ρ|[3/4,1] = 0 ② ❝♦♥s✐❞❡r❡♠♦s

û = ρu.

▲❛ ❢✉♥❝✐ó♥ û s❛t✐s❢❛❝❡

ût + νûxxx = ν(3ρxuxx + 3ρxxux + ρxxxu) + ρ(ut + νuxxx)

= ν(3ρxuxx + 3ρxxux + ρxxxu)− ρg.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❧❛ ✐❣✉❛❧❞❛❞ ❛rr✐❜❛ ♣♦r −ûxx✱ ✐♥t❡❣r❛♥❞♦ ❡♥ (0, 1) ② ♦❜s❡r✈❛♥❞♦ q✉❡

−

∫ 1

0

ûxxxûxxdx = −
1

2
|ûxx|

2|10 =
1

2
|uxx|x=0|

2

②

−

∫ 1

0

ûtûxxdx =

∫ 1

0

ûxûtxdx =
1

2

d

dt

∫ 1

0

|ûx|
2dx

♦❜t❡♥❡♠♦s

1

2

d

dt

∫ 1

0

|ûx|
2dx+

ν

2
|uxx|x=0|

2 = −

∫ 1

0

ν(3ρxuxx+3ρxxux+ρxxxu)ûxx+

∫ 1

0

ρgûxxdx. ✭✷✳✾✵✮

❈♦♠♦ ρ✱ ρx ② ρxx s♦♥ ❧✐♠✐t❛❞❛s✱ s✐❣✉❡ q✉❡
∣∣∣∣
∫ T

0

∫ 1

0

ν(3ρxuxx + 3ρxxux + ρxxxu)(ρxxu+ 2ρxux + ρuxx)dxds

∣∣∣∣ ≤

≤ Cν

{∫ T

0

∫ 1

0

(|uxx|
2 + |ux|

2 + |u|2)dxds+

∫ T

0

∫ 1

0

(|uux|+ |uxuxx|+ |uuxx|)dxds

}

≤ Cν

∫ T

0

∫ 1

0

(|uxx|
2 + |ux|

2 + |u|2)dxds = Cν‖u‖2L2(0,T ;H2(0,1)) ✭✷✳✾✶✮

✸✶



②

−
1

2

∫ T

0

d

dt

∫ 1

0

|ûx|
2dxds = −

1

2

∫ 1

0

(|ûx(T, x)|
2 − |ûx(0, x)|

2)dx =
1

2

∫ 1

0

|ûx(0, x)|
2dx

=
1

2

∫ 1

0

|ρxu(0, x) + ρux(0, x)|
2dx

≤ C

∫ 1

0

(|u(0, x)|2 + |ux(0, x)|
2)dx

≤ C sup
t∈[0,T ]

{∫ 1

0

(|u(t, x)|2 + |ux(t, x)|
2)dx

}
=

= C‖u‖2L∞(0,T ;H1(0,1)). ✭✷✳✾✷✮

❆sí✱ ✐♥t❡❣r❛♥❞♦ (2,90) ❞❡ 0 ❤❛st❛ T ② ✉s❛♥❞♦ (2,91) ② (2,92) ♦❜t❡♥❡♠♦s

ν

2

∫ T

0

|uxx|x=0|
2ds ≤ C(ν‖u‖2L2(0,T ;H2(0,1)) + ‖u‖2L∞(0,T ;H1(0,1))) +

∣∣∣∣
∫ T

0

∫ 1

0

ρgûxxdxds

∣∣∣∣ .
✭✷✳✾✸✮

❊♥ ❧❛ s❡❝✉❡♥❝✐❛✱ ❡st✐♠❛r❡♠♦s ❡❧ ú❧t✐♠♦ tér♠✐♥♦ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ (2,93)✳ ❈♦♥s✐❞❡✲
r❡♠♦s ❞♦s ❝❛s♦s✿
Pr✐♠❡r ❝❛s♦✿ g ∈ X2/3

∫ T

0

∫ 1

0

|gûxx|dxds =

∫ T

0

∫ 1

0

|g(ρxxu+ 2ρxux + ρuxx)|dxds

≤ C

∫ T

0

∫ 1

0

(|gu|+ |gux|+ |guxx)|)dxds

= C

∫ T

0

∫ 1

0

ν1/2

ν1/2
(|gu|+ |gux|+ |guxx)|)dxds

≤ C

∫ T

0

∫ 1

0

{(
ν−1|g|2 + ν|u|2

2

)
+

(
ν−1|g|2 + ν|ux|

2

2

)
+

(
ν−1|g|2 + ν|uxx|

2

2

)}
dxds

= C(ν−1‖g‖2L2(0,T ;L2(0,1)) + ν‖u‖2L2(0,T ;H2(0,1))). ✭✷✳✾✹✮

❙❡❣✉♥❞♦ ❝❛s♦✿ g ∈ X̂2/3✳

✸✷



❈♦♠♦

0 =

∫ T

0

ρgûx|
1
0ds =

∫ T

0

∫ 1

0

ρgûxxdxds+

∫ T

0

∫ 1

0

(ρxg + ρgx)ûxdxds,

s❡ ♦❜t✐❡♥❡
∣∣∣∣
∫ T

0

∫ 1

0

ρgûxxdxds

∣∣∣∣ =
∣∣∣∣
∫ T

0

∫ 1

0

(ρxg + ρgx)ûxdxds

∣∣∣∣

=

∣∣∣∣
∫ T

0

∫ 1

0

(ρxg + ρgx)(ρxu+ ρux)dxds

∣∣∣∣

≤ C

∫ T

0

(∫ 1

0

(|gu|+ |gxu|+ |gux|+ |gxux|)dx

)
ds

❖❜s❡r✈❡ q✉❡
∫ T

0

‖g‖L2(0,1)‖u‖L2(0,1)ds ≤ sup
t∈[0,T ]

‖u(t)‖L2(0,1)

∫ T

0

‖g‖L2(0,1)ds

≤ C

{
( sup
t∈[0,T ]

‖u(t)‖L2(0,1))
2 + (

∫ T

0

‖g‖L2(0,1)ds)
2

}

≤ C
{
‖u‖2L∞(0,T ;H1(0,1)) + ‖g‖2L1(0,T ;H1(0,1))

}
.

❆♥á❧♦❣❛♠❡♥t❡✱
∫ T

0

‖gx‖L2(0,1)‖u‖L2(0,1)ds ≤ C

{
( sup
t∈[0,T ]

‖u(t)‖L2(0,1))
2 + (

∫ T

0

‖gx‖L2(0,1)ds)
2

}

≤ C
{
‖u‖2L∞(0,T ;H1(0,1)) + ‖g‖2L1(0,T ;H1(0,1))

}

② ∫ T

0

‖gx‖L2(0,1)‖ux‖L2(0,1)ds ≤ C
{
‖u‖2L∞(0,T ;H1(0,1)) + ‖g‖2L1(0,T ;H1(0,1))

}
.

P♦r ❧♦ t❛♥t♦✱
∣∣∣∣
∫ T

0

∫ 1

0

ρgûxxdxds

∣∣∣∣ ≤ C
{
‖u‖2L∞(0,T ;H1(0,1)) + ‖g‖2L1(0,T ;H1(0,1))

}
. ✭✷✳✾✺✮

❉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,93)✱ (2,94) ② (2,95) ♦❜t❡♥❡♠♦s ❞♦s ❡st✐♠❛t✐✈❛s✿

✸✸



ν

2
‖uxx|x=0‖

2
L2(0,T ) ≤ C(ν‖u‖2L2(0,T ;H2(0,1)) + ‖u‖2L∞(0,T ;H1(0,1))) +

+





C
(
ν−1‖g‖2L2(0,T ;L2(0,1)) + ν‖u‖2L2(0,T ;H2(0,1))

)

C
{
‖u‖2L∞(0,T ;H1(0,1)) + ‖g‖2L1(0,T ;H1(0,1))

}
,

✭✷✳✾✻✮

❡st♦ ❡s✱

‖uxx|x=0‖
2
L2(0,T ) ≤ C‖u‖2L2(0,T ;H2(0,1))+Cν

−1‖u‖2L∞(0,T ;H1(0,1)) +

+





Cν−2‖g‖2L2(0,T ;L2(0,1))

C

ν
‖g‖2L1(0,T ;H1(0,1)).

✭✷✳✾✼✮

■♥tr♦❞✉❝✐❡♥❞♦ ❧❛ s✐❣✉✐❡♥t❡ ♥♦r♠❛ ❡♥ Y2/3

‖u‖Y2/3
:= ν1/2‖u‖L2(0,T ;H2(0,1)) + ‖u‖L∞(0,T ;H1(0,1))

♦❜t❡♥❡♠♦s

‖uxx|x=0‖
2
L2(0,T ) ≤ Cν−1‖u‖2Y2/3

+





Cν−2‖g‖2L2(0,T ;L2(0,1))

Cν−1‖g‖2L1(0,T ;H1(0,1)).

✭✷✳✾✽✮

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❡s (2,84) ② (2,86) s❡ t✐❡♥❡

Cν−1‖u‖2Y2/3
≤





Cν−2‖g‖2L2(0,T ;L2(0,1))

Cν−1‖g‖2L1(0,T ;H1(0,1)),

❧♦ q✉❡ ♥♦s ❣❛r❛♥t✐③❛ q✉❡

‖uxx|x=0‖
2
L2(0,T ) ≤





Cν−2‖g‖2L2(0,T ;L2(0,1))

Cν−1‖g‖2L1(0,T ;H1(0,1)).

✭✷✳✾✾✮

✸✹



P❛r❛ ❡st✐♠❛r ❡❧ tér♠✐♥♦ uxx|x=1 ♣r♦❝❡❞❡♠♦s ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ② ♦❜t❡♥❡♠♦s

‖uxx|x=1‖
2
L2(0,T ) ≤





Cν−2‖g‖2L2(0,T ;L2(0,1))

Cν−1‖g‖2L1(0,T ;H1(0,1)).

✭✷✳✶✵✵✮

❋✐♥❛❧♠❡♥t❡✱ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,88)✱ (2,89)✱ (2,99) ② (2,100) t❡♥❡♠♦s

‖u|t=0‖H1(0,1) + ν1/6‖ux|x=1‖H1/3(0,T )+ν
1/2‖uxx|x=0‖L2(0,T ) + ν1/2‖uxx|x=1‖L2(0,T ) ≤

≤





Cν−1/2‖g‖L2(0,T ;L2(0,1))

C‖g‖L1(0,T ;H1(0,1)).

✷✳✸✳✸✳ ❆❧❣✉♥❛s ❝♦♥❝❧✉s✐♦♥❡s✿ ❡①✐st❡♥❝✐❛ ❞❡ s♦❧✉❝✐ó♥ ② s✉ ❞❡♣❡♥❞❡♥❝✐❛ ❡♥ r❡✲
❧❛❝✐ó♥ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ② tér♠✐♥♦s ❞❡ ❢r♦♥t❡r❛

❖❜s❡r✈❡ q✉❡ ❧❛ s♦❧✉❝✐ó♥ u ❞❡❧ s✐st❡♠❛ ✭✷✳✸✮ r❡s✉❡❧✈❡ ❡❧ s✐st❡♠❛ ✭✷✳✹✷✮ ❝✉❛♥❞♦

g := f −M(t, x)ux.

❙✐ f ∈ L2(0, T ;L2(0, 1))✱ ♣♦r ❧♦s ▲❡♠❛s ✹ ② ✺ r❡s✉❧t❛ q✉❡ ux ∈ L2(0, T ;L2(0, 1))✳ P♦r ❧♦
t❛♥t♦✱ g = f −M(t, x)ux ∈ L2(0, T ;L2(0, 1))✳ ▲✉❡❣♦✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,83) ♦❜t❡♥❡♠♦s
❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛t✐✈❛

‖u|t=0‖H1(0,1) + ν1/6‖ux|x=1‖H1/3(0,1) + ν1/2‖uxx|x=0‖L2(0,T ) + ν1/2‖uxx|x=1‖L2(0,T ) ≤

≤ Cν−1/2‖f −Mux‖L2(0,T ;L2(0,1)). ✭✷✳✶✵✶✮

❆❤♦r❛✱ s✐ f ∈ L1(0, T ;H1
0 (0, 1))✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r u s♦❧✉❝✐ó♥ ❞❡ (2,3) ❝♦♠♦ u = u1+u2

s✐❡♥❞♦ u1 s♦❧✉❝✐ó♥ ❞❡ (2,42) ❝♦♥ g1 = f ② u2 s♦❧✉❝✐ó♥ ❞❡ (2,42) ❝♦♥ g2 = −M(t, x)ux ∈
L2(0, T ;L2(0, 1))✳ ❯s❛♥❞♦ ❧❛s ❡st✐♠❛t✐✈❛s ❡♥ (2,83) ② ❧❛ ❞❡s✐❣✉❛❧❞❛❞ tr✐❛♥❣✉❧❛r s✐❣✉❡ q✉❡

‖u|t=0‖H1(0,1)+ν
1/6‖ux|x=1‖H1/3(0,1) + ν1/2‖uxx|x=0‖L2(0,T ) + ν1/2‖uxx|x=1‖L2(0,T ) ≤

≤ Cν−1/2‖g2‖L2(0,T ;L2(0,1)) + C‖g1‖L1(0,T ;H1(0,1))

= Cν−1/2‖Mux‖L2(0,T ;L2(0,1)) + C‖f‖L1(0,T ;H1(0,1)). ✭✷✳✶✵✷✮

✸✺



❱❛♠♦s ❛ ❡st✐♠❛r ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ (2,101) ❡ (2,102)✳ ❈♦♥s✐❞❡r❡♠♦s ❞♦s ❝❛s♦s✿

Pr✐♠❡r ❝❛s♦✿ M ❡s ❝♦♥st❛♥t❡

❙✐ f ∈ L2(0, T ;L2(0, 1))✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✹ s❡ ♦❜t✐❡♥❡

‖Mux‖L2(0,T ;L2(0,1)) ≤ Cν−1/2‖f‖L2(0,T ;L2(0,1)). ✭✷✳✶✵✸✮

❙✉❜st✐t✉②❡♥❞♦ (2,103) ❡♥ (2,101) ❝♦♥❝❧✉í♠♦s q✉❡

‖u|t=0‖H1(0,1)+ν
1/6‖ux|x=1‖H1/3(0,1) + ν1/2‖uxx|x=0‖L2(0,T ) + ν1/2‖uxx|x=1‖L2(0,T ) ≤

≤ Cν−1/2‖f‖L2(0,T ;L2(0,1)) + Cν−1/2‖Mux‖L2(0,T ;L2(0,1))

≤ Cν−1‖f‖L2(0,T ;L2(0,1)). ✭✷✳✶✵✹✮

❙❡❛ ❛❤♦r❛ f ∈ L1(0, T ;H1
0 (0, 1))✳ ◆✉❡✈❛♠❡♥t❡✱ ♣♦r ❡❧ ▲❡♠❛ ✹ ♦❜t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡

❞❡s✐❣✉❛❧❞❛❞
‖Mux‖L2(0,T ;L2(0,1)) ≤ Cν−1/2‖f‖L1(0,T ;H1(0,1)). ✭✷✳✶✵✺✮

❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱ ♣♦r (2,102) t❡♥❡♠♦s

‖u|t=0‖H1(0,1) + ν1/6‖ux|x=1‖H1/3(0,1)+ν
1/2‖uxx|x=0‖L2(0,T ) + ν1/2‖uxx|x=1‖L2(0,T ) ≤

≤ Cν−1‖f‖L1(0,T ;H1(0,1)) + C‖f‖L1(0,T ;H1(0,1))

≤ Cν−1‖f‖L1(0,T ;H1(0,1)). ✭✷✳✶✵✻✮

❙❡❣✉♥❞♦ ❝❛s♦✿ M ❡s ✈❛r✐❛❜❧❡

P♦r ❛r❣✉♠❡♥t♦s ❝❧ás✐❝♦s ❞❡ ✐♥t❡r♣♦❧❛❝✐ó♥ ♦❜t❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❡s♣❛❝✐♦✿

L2(0, T ;H7/4(0, 1)) = [L2(0, T ;H2(0, 1)), L2(0, T ;H1(0, 1))][1/4],

t❛❧ q✉❡
‖u‖2L2(0,T ;H7/4(0,1)) ≤ C‖u‖3/2L2(0,T ;H2(0,1))‖u‖

1/2

L2(0,T ;H1(0,1)). ✭✷✳✶✵✼✮

❉❛❞♦ δ > 0✱ ❞❡ (2,107) ② ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❨♦✉♥❣ ♦❜t❡♥❡♠♦s ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐✲
t✐✈❛ Cδ s❛t✐s❢❛❝✐❡♥❞♦

‖u‖L2(0,T ;H7/4(0,1)) ≤
√
δ2‖u‖2L2(0,T ;H2(0,1)) + C2

δ ‖u‖
2
L2(0,T ;H1(0,1))

≤ δ‖u‖L2(0,T ;H2(0,1)) + Cδ‖u‖L2(0,T ;H1(0,1)). ✭✷✳✶✵✽✮

✸✻



❙❡❛ f ∈ L2(0, T ;L2(0, 1))✱ ❡♥t♦♥❝❡s ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,84) ♦❜t❡♥❡♠♦s

‖u‖L2(0,T ;H2(0,1)) ≤ Cν−1/2‖g‖L2(0,T ;L2(0,1)) = Cν−1/2‖f −Mux‖L2(0,T ;L2(0,1))

≤ Cν−1/2
(
‖f‖L2(0,T ;L2(0,1)) + ‖Mux‖L2(0,T ;L2(0,1))

)
. ✭✷✳✶✵✾✮

❉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,108) ② (2,109) s✐❣✉❡ q✉❡

‖Mux‖L2(0,T ;L2(0,1)) ≤ ‖M‖L∞(0,T ;L2(0,1))‖ux‖L2(0,T ;L2(0,1))

≤ C‖M‖L∞(0,T ;L2(0,1))‖u‖L2(0,T ;H1(0,1))

≤ C‖M‖L∞(0,T ;L2(0,1))‖u‖L2(0,T ;H7/4(0,1))

≤ C‖M‖Y1/4

{
δCν−1/2

(
‖f‖L2(0,T ;L2(0,1)) + ‖Mux‖L2(0,T ;L2(0,1))

)
+ Cδ‖u‖L2(0,T ;H1(0,1))

}

≤ C̃δ‖f‖L2(0,T ;L2(0,1)) + C̃δ‖Mux‖L2(0,T ;L2(0,1)) + C̃Cδ‖u‖L2(0,T ;H1(0,1)), ✭✷✳✶✶✵✮

❞♦♥❞❡ C̃ = C̃(‖M‖Y1/4
, ν)✳

❈♦♥s✐❞❡r❛♥❞♦ δ > 0✱ t❛❧ q✉❡ 1 − C̃δ > 0✱ ♣♦r ❡❧ ▲❡♠❛ ✺ s❡ ♦❜t✐❡♥❡ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞
❛♥t❡r✐♦r✱ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C̃ = C̃(‖M‖Y1/4

, ν) q✉❡ s❛t✐s❢❛❝❡

‖Mux‖L2(0,T ;L2(0,1)) ≤ C̃(‖M‖Y1/4
, ν)‖f‖L2(0,T ;L2(0,1)). ✭✷✳✶✶✶✮

❆sí✱ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,101) ② (2,111) s✐❣✉❡ q✉❡

‖u|t=0‖H1(0,1) + ‖ux|x=1‖H1/3(0,1) + ‖uxx|x=0‖L2(0,T ) + ‖uxx|x=1‖L2(0,T ) ≤

≤ C̃(‖M‖Y1/4
, ν)‖f −Mux‖L2(0,T ;L2(0,1))

≤ C̃(‖M‖Y1/4
, ν)‖f‖L2(0,T ;L2(0,1)). ✭✷✳✶✶✷✮

❙✐ f ∈ L1(0, T ;H1
0 (0, 1))✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,86) ② ♣♦r ❡❧ ▲❡♠❛ ✺ ♦❜t❡♥❡♠♦s✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ❞♦s ❡st✐♠❛t✐✈❛s✿

‖u‖L2(0,T ;H2(0,1)) ≤ C‖f‖L1(0,T ;H1(0,1)) ✭✷✳✶✶✸✮

✸✼



②

‖u‖L2(0,T ;H1(0,1)) ≤ C̃(‖M‖Y1/4
, ν)‖f‖L1(0,T ;L2(0,1)) ≤ C̃(‖M‖Y1/4

, ν)‖f‖L1(0,T ;H1(0,1))

✭✷✳✶✶✹✮

P♦r ❧♦ t❛♥t♦✱ ❝♦♠❜✐♥❛♥❞♦ (2,103)✱ (2,113) ② (2,114) s❡ ♦❜t✐❡♥❡

‖Mux‖L2(0,T ;L2(0,1)) ≤ ‖M‖L∞(0,T ;L2(0,1))‖ux‖L2(0,T ;L2(0,1))

≤ C‖M‖L∞(0,T ;L2(0,1))‖u‖L2(0,T ;H1(0,1))

≤ C‖M‖L∞(0,T ;L2(0,1))‖u‖L2(0,T ;H7/4(0,1))

≤ C‖M‖Y1/4

{
δ‖u‖L2(0,T ;H2(0,1)) + Cδ‖u‖L2(0,T ;H1(0,1))

}

≤ C̃(‖M‖Y1/4
, ν)‖f‖L1(0,T ;H1(0,1)). ✭✷✳✶✶✺✮

❉❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (2,102) ② (2,115) ❝♦♥❝❧✉í♠♦s q✉❡

‖u|t=0‖H1(0,1)+‖ux|x=1‖H1/3(0,1) + ‖uxx|x=0‖L2(0,T ) + ‖uxx|x=1‖L2(0,T ) ≤

≤ C̃(‖M‖Y1/4
, ν)‖Mux‖L2(0,T ;L2(0,1)) + C̃(‖M‖Y1/4

, ν)‖f‖L1(0,T ;H1(0,1))

≤ C̃(‖M‖Y1/4
, ν)‖f‖L1(0,T ;H1(0,1)). ✭✷✳✶✶✻✮

❋✐♥❛❧♠❡♥t❡✱ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣♦s✐❝✐♦♥❡s s♦♥ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❘✐❡s③✳ ❉❡ ❤❡❝❤♦✱
❡❧ ❧❛❞♦ ❞❡r❡❝❤♦ ❞❡ (2,2) ❞❡✜♥❡ ✉♥ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧ ❝♦♥t✐♥✉♦ q✉❡ ❛s♦❝✐❛ f ∈ L2(0, T ;L2(0, 1))
❛❧ ✈❛❧♦r ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡♥ R✳ P♦r ❧♦s r❡s✉❧t❛❞♦s ♣r♦❜❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❡st❡ ❢✉♥❝✐♦♥❛❧
❡s ❝♦♥t✐♥✉♦ ❡♥ L2(0, T ;L2(0, 1))✱ L1(0, T ;H1

0 (0, 1))✳ ▲✉❡❣♦✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❘✐❡s③✱ ♦❜✲
t❡♥❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s t❡♦r❡♠❛s✿

Pr♦♣♦s✐❝✐ó♥ ✶✽✳ ❙✉♣♦♥❣❛♠♦s q✉❡ M s❡❛ ✉♥❛ ❝♦♥st❛♥t❡✳ ❙❡❛♥ y0 ∈ H−1(0, 1)✱ v1 ∈
L2(0, T )✱ v2 ∈ L2(0, T ) ② v3 ∈ H−1/3(0, T )✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ y ∈ Y0
❞❡❧ s✐st❡♠❛ (2,1)✱ t❛❧ q✉❡

‖y‖L2(0,T ;L2(0,1)) ≤
C

ν
(‖y0‖H−1(0,1) + ‖v1‖L2(0,T ) + ‖v2‖L2(0,T ) + ‖v3‖H−1/3(0,T )), ✭✷✳✶✶✼✮

②

‖y‖L∞(0,T ;H−1(0,1)) ≤
C

ν
(‖y0‖H−1(0,1) + ‖v1‖L2(0,T ) + ‖v2‖L2(0,T ) + ‖v3‖H−1/3(0,T )), ✭✷✳✶✶✽✮

♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ y0✱ v1✱ v2 ② v3✳

✸✽



Pr♦♣♦s✐❝✐ó♥ ✶✾✳ ❈♦♥s✐❞❡r❡♠♦s M ∈ Y1/4✳ ❙❡❛♥ y0 ∈ H−1(0, 1)✱ v1 ∈ L2(0, T )✱ v2 ∈
L2(0, T ) ② v3 ∈ H−1/3(0, T )✳ ❊♥t♦♥❝❡s✱ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ y ∈ Y0 ❞❡❧ s✐st❡♠❛ (2,1)✱
t❛❧ q✉❡

‖y‖Y0 ≤ C(‖y0‖H−1(0,1) + ‖v1‖L2(0,T ) + ‖v2‖L2(0,T ) + ‖v3‖H−1/3(0,T )), ✭✷✳✶✶✾✮

♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ν ② ‖M‖Y1/4
✱ ♣❡r♦ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ y0✱

v1✱ v2 ② v3✳

✸✾



❈❛♣ít✉❧♦ ✸

❚❡♦r❡♠❛s ♣r✐♥❝✐♣❛❧❡s

✸✳✶✳ ❉❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❛r❧❡♠❛♥

❙❡❛ M ✉♥❛ ❝♦♥st❛♥t❡✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ s✐st❡♠❛ ❛❞❥✉♥t♦ ❛s♦❝✐❛❞♦ ❛❧ s✐st❡♠❛
✭✷✳✶✮





−ϕt − νϕxxx −Mϕx = 0 ❡♥ (0, T )× (0, 1)

ϕ |x=0= ϕ |x=1= ϕx |x=0= 0 ❡♥ (0, T )

ϕ |t=T= ϕ0 ❡♥ (0, 1).

✭✸✳✶✮

❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ t→ νt✱ ❡❧ s✐st❡♠❛ (3,1) ♣✉❡❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦





−ϕt − ϕxxx −
M

ν
ϕx = 0 ❡♥ (0, T0)× (0, 1) = Q0

ϕ |x=0= ϕ |x=1= ϕx |x=0= 0 ❡♥ (0, T0)

ϕ |t=T0= ϕ0 ❡♥ (0, 1).

✭✸✳✷✮

❞♦♥❞❡ T0 = νT ✳ ❚r❛❜❛❥❛♠♦s ❝♦♥ ❡st❛ ❡❝✉❛❝✐ó♥ ♣❛r❛ q✉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❛r❧❡♠❛♥ s❡❛
♠ás ❝❧❛r❛✳ ❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥❝✐ó♥ ♣❡s♦

α(t, x) =
100 + 4x− x2

t1/2(T0 − t)
1
2

♣❛r❛ t♦❞♦ (t, x) ∈ Q0.

▲❛s ❢✉♥❝✐♦♥❡s ❞❡ ❡st❛ ❝❧❛s❡ ❢✉❡r♦♥ ✐♥tr♦❞✉❝✐❞❛s ♣♦r ♣r✐♠❡r❛ ✈❡③ ♣♦r ❋✉rs✐❦♦✈ ❡ ■♠❛✲
♥✉✈✐❧♦✈ ❡♥ ❬✶✹❪✳ ❉❡♥♦t❛♠♦s

α̃(t) := mı́n
x∈[0,1]

{α(t, x)} = α(t, 0) ❡ α̂(t) := máx
x∈[0,1]

{α(t, x)} = α(t, 1).

❖❜s❡r✈❡ q✉❡ ❧❛ ❢✉♥❝✐ó♥ α s❛t✐s❢❛❝❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿

C ≤ T0α, C0α ≤ αx ≤ C1α, C0α ≤ −αxx ≤ C1α ❡♥(0, T0)× (0, 1)

✹✵



|αt|+ |αxt|+ |αxxt| ≤ CT0α
3, ❡♥ (0, T0)× (0, 1)

|αtt| ≤ C(T 2
0α

5 + α3) ≤ CT 2
0α

5 ❡♥ (0, T0)× (0, 1)

②

64α̃− 62α̂ =
14

(t(T0 − t))2
> 0,

❞♦♥❞❡ C✱ C0 ② C1 s♦♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ T0✳ ❱❛♠♦s ❛ ✉s❛r ❧❛ s✐❣✉✐❡♥t❡
♣r♦♣♦s✐❝✐ó♥✱ q✉❡ ♥♦ s❡rá ❞❡♠♦str❛❞❛✿

Pr♦♣♦s✐❝✐ó♥ ✷✵✳ ❊①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ T0✱ ν ② M ✱ t❛❧ q✉❡✱
♣❛r❛ ❝❛❞❛ ϕ0 ∈ L2(0, 1) ❧❛ s♦❧✉❝✐ó♥ ϕ ❞❡ (3,2) s❛t✐s❢❛❝❡

∫∫

Q0

αe−2sα(|ϕxx|
2 + s2α2 |ϕx|

2 + s4α4 |ϕ|2)dxdt ≤ C

∫ T0

0

α |x=0 e
−2sα|x=0 |ϕxx |x=0|

2 dt,

✭✸✳✸✮

♣❛r❛ t♦❞♦ s ≥ C(T0 + T
1
2
0 + T0 |M |

1
2 ν

1
2 )✳

✸✳✷✳ ❘❡s✉❧t❛❞♦s Pr✐♥❝✐♣❛❧❡s

❙❡❛ ν > 0 ✜❥♦✳ ❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❡s ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞ ♥✉❧❛ ♣❛r❛ ❧❛
❡❝✉❛❝✐ó♥ (2,1)✱ ❝✉❛♥❞♦ M ❡s ❝♦♥st❛♥t❡✳

❚❡♦r❡♠❛ ✶✺✳ ❙❡❛ M ✉♥❛ ❝♦♥st❛♥t❡ ② ν > 0 ✜❥♦✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ y0 ∈ H−1(0, 1)✱
❡①✐st❡ v1 ∈ L2(0, T )✱ t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ y ∈ Y0 ❞❡ (2,1) ❝♦♥ ❞❛t♦s v2 = v3 = 0 s❛t✐s❢❛❝❡
y|t=T = 0 ❡♥ (0, 1)✳ ❆❞❡♠ás✱ ♣❛r❛ ❝❛❞❛ ν ∈ (0, 1)✱ ❡①✐st❡ C∗ > 0✱ t❛❧ q✉❡

‖v1‖L2(0,T ) ≤
C∗

ν
‖y0‖H−1(0,1). ✭✸✳✹✮

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ ν s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦ ✭❡♥ t❡r♠✐♥♦s ❞❡ M s♦❧❛♠❡♥t❡ ✮✱ ♦❜t❡♥❡♠♦s

C∗ = exp

{
C̃|M |1/2

ν1/2

(
1 +

1

T 1/2|M |1/2

)}
, ✭✸✳✺✮

❞♦♥❞❡ C̃ ❡s ✉♥❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ M ✱ ν ② y0✳

❉❡♠♦str❛❝✐ó♥✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ✈❛♠♦s ❛ ❞❡❞✉❝✐r ✉♥❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞ ✉t✐✲
❧✐③❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❈❛r❧❡♠❛♥ (3,3)✳

❙❡❛ ϕ s♦❧✉❝✐ó♥ ❞❡ (3,1)✳ ❍❛❝✐❡♥❞♦ ❡❧ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡ t → νt ✭r❡❝♦r❞❡♠♦s q✉❡
T0 = νT ✮✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ✉♥❛ s♦❧✉❝✐ó♥ ❞❡ (3,2) ② ❛♣❧✐❝❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,3) ❝♦♠♦
s✐❣✉❡✿

s2
∫∫

Q0

α3e−2sα |ϕx|
2 dxdt ≤ C

∫ T0

0

α(t, 0)e−2sα(t,0) |ϕxx(t, 0)|
2 dt, ✭✸✳✻✮

✹✶



♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ T0✱ ν ②M ✳ P♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ α s✐❣✉❡
q✉❡

s2

T 3
0

e−C2s/T0

∫∫

Q̃0

|ϕx|
2 dxdt ≤

C3

T0
e−C3s/T0

∫ T0

0

|ϕxx(t, 0)|
2 dt, ✭✸✳✼✮

❞♦♥❞❡ Q̃0 ❡s ✉♥ ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ ❝♦♥t❡♥✐❞♦ ❡♥ Q0✱ C2 ② C3 s♦♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳ ❊♥
❡❢❡❝t♦✱ α̃ ② α̂ ❛❧❝❛♥③❛♥ ♠í♥✐♠♦ ❡♥ T0/2✱ máxt∈[T0/3,2T0/3]{α̂(t)} = α̂(T0/3) = C∗

2/T0✱ ❞♦♥❞❡
C∗

2 > 200✳ ▲✉❡❣♦✱

400/T0 ≤ 2α̃(t) ≤ 2α(t, x) ≤ 2α̂(t) ≤ 2C∗
2/T0 = C2/T0

♣❛r❛ t♦❞♦ (t, x) ∈ [T0

3
, 2T0

3
]× [0, 1]✳ ❆sí✱

(400)3

T0
3 s2e−C2/T0

∫ 2T0
3

T0
3

∫ 1

0

|ϕx|
2 dxdt ≤ s2

∫∫

Q0

α3e−2sα |ϕx|
2 dxdt. ✭✸✳✽✮

❉❡✜♥✐♠♦s f(t) = α(t, 0)e−2sα(t,0) ❡♥ (0, T0)✳ ❊♥t♦♥❝❡s✱ f ❛❧❝❛♥③❛ ❡❧ ♠á①✐♠♦ ❡♥ T0/2✳
▲✉❡❣♦✱

∫ T0

0

α(t, 0)e−2sα(t,0) |ϕxx(t, 0)|
2 dt ≤

∫ T0

0

f

(
T0
2

)
|ϕxx(t, 0)|

2 dt

=
(200)

T0
e−400s/T0

∫ T0

0

|ϕxx(t, 0)|
2 dt. ✭✸✳✾✮

❈♦♠❜✐♥❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (3,6)✱ (3,8) ② (3,9) ♦❜t❡♥❡♠♦s (3,7)✳

❆✜r♠❛❝✐ó♥✿ ❊①✐st❡ C > 0✱ t❛❧ q✉❡
∫ 1

0

|ϕx(t1, x)|
2dx ≤

C

ν4/3

∫ 1

0

|ϕx(t2, x)|
2dx, 0 ≤ t1 ≤ t2 ≤ T. ✭✸✳✶✵✮

❊♥ ❡❢❡❝t♦✱ ❝♦♠♦ ϕ ❡s s♦❧✉❝✐ó♥ ❞❡ (3,2)✱ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (2,19) ✭❝♦♥ f = 0✮ ♦❜t❡♥❡♠♦s

−
1

2

d

dt
(eCt

∫ 1

0

(2− x)ϕ2dx) ≤ 0.

■♥t❡❣r❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r ❞❡ t1 ❤❛st❛ t2 s❡ ♦❜t✐❡♥❡
∫ 1

0

|ϕ(t1, x)|
2dx ≤ eCt1

∫ 1

0

(2− x)ϕ2(t1, x)dx ≤ eCt2

∫ 1

0

(2− x)ϕ2(t2, x)dx

≤ 2eCT

∫ 1

0

ϕ2(t2, x)dx

≤ C

∫ 1

0

|ϕ(t2, x)|
2dx. ✭✸✳✶✶✮

✹✷



❉❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞♦r P2 := ν∂xxx +M∂x✳ ❈♦♠♦

d

dt
|P2ϕ|

2 = 2(νϕ3x +Mϕx)(νϕ3xt +Mϕxt), ✭✸✳✶✷✮

♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ (3,1) ♣♦r −P2ϕt ♦❜t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ✐❣✉❛❧❞❛❞✿

ϕt(νϕ3xt +Mϕxt) +
1

2

d

dt
|P2ϕ|

2 = 0. ✭✸✳✶✸✮

❖❜s❡r✈❡ q✉❡

ν

∫ 1

0

ϕtϕ3xtdx = −ν

∫ 1

0

ϕxtϕxxtdx =
−ν

2

∫ 1

0

|ϕxt|
2
xdx =

−ν

2
|ϕxt|

2(t, 1), ✭✸✳✶✹✮

②

M

∫ 1

0

ϕtϕxtdx =
M

2

∫ 1

0

|ϕt|
2
xdx =

1

2
|ϕt|

2|10 = 0. ✭✸✳✶✺✮

■♥t❡❣r❛♥❞♦ (3,13) ❝♦♥ r❡s♣❡❝t♦ ❛ x ② ✉s❛♥❞♦ ❧❛s ✐❞❡♥t✐❞❛❞❡s (3,14) ② (3,15) t❡♥❡♠♦s

1

2

d

dt

∫ 1

0

|P2ϕ|
2dx =

ν

2
|ϕxt(t, 1)|

2. ✭✸✳✶✻✮

❈♦♥s❡❝✉❡♥t❡♠❡♥t❡✱
∫ 1

0

|P2ϕ(t1, x)|
2dx ≤

∫ 1

0

|P2ϕ(t2, x)|
2dx. ✭✸✳✶✼✮

P♦r ❧♦ t❛♥t♦✱ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ♦♣❡r❛❞♦r P2 s✐❣✉❡ ❧❛ ❡st✐♠❛t✐✈❛
∫ 1

0

|νϕ3x(t1, x)|
2dx =

∫ 1

0

|P2ϕ(t1, x)−Mϕx(t1, x)|
2dx

≤ 2

∫ 1

0

|P2ϕ(t1, x)|
2 + 2

∫ 1

0

|Mϕx(t1, x)|
2dx. ✭✸✳✶✽✮

❆❤♦r❛✱ ✉s❛♥❞♦ ❡❧ ❚❡♦r❡♠❛ ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ✐♥t❡r♠❡❞✐❛s✱ ♦❜t❡♥❡♠♦s ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛
C s❛t✐s❢❛❝✐❡♥❞♦

∫ 1

0

|Mϕx(t1, x)|
2dx ≤

ν2

4

∫ 1

0

|ϕ3x(t1, x)|
2dx+

C

ν2

∫ 1

0

|ϕ(t1, x)|
2dx. ✭✸✳✶✾✮

❈♦♠♦ ϕ(t2, .) ∈ S = {u ∈ H3(0, 1) : u(0) = u(1) = ux(0) = 0}✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡
P♦✐♥❝❛ré s✐❣✉❡ q✉❡

‖ϕ(t2, .)‖H3(0,1) ≤ C‖ϕ3x(t2, .)‖L2(0,1). ✭✸✳✷✵✮

✹✸



▲✉❡❣♦✱
∫ 1

0

|ϕ(t2, x)|
2dx ≤ C

∫ 1

0

|ϕ3x(t2, x)|
2dx ;

∫ 1

0

|ϕx(t2, x)|
2dx ≤ C

∫ 1

0

|ϕ3x(t2, x)|
2dx.

✭✸✳✷✶✮

P♦r ❧♦ t❛♥t♦✱ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ♦♣❡r❛❞♦r P2 ② ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,21) ♦❜t❡♥❡♠♦s
∫ 1

0

|P2ϕ(t2, x)|
2dx ≤ 2ν2

∫ 1

0

|ϕ3x(t2, x)|
2dx+ 2

∫ 1

0

|ϕx(t2, x)|
2dx

≤ C

∫ 1

0

|ϕ3x(t2, x)|
2dx. ✭✸✳✷✷✮

❈♦♠❜✐♥❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (3,17)✱ (3,18) ② (3,19) r❡s✉❧t❛ q✉❡

ν2

2

∫ 1

0

|ϕ3x(t1, x)|
2dx ≤ 2

∫ 1

0

|P2ϕ(t2, x)|
2dx+

C

ν2

∫ 1

0

|ϕ(t1, x)|
2dx ✭✸✳✷✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (3,11)✱ (3,21) ② (3,22) ♦❜t❡♥❡♠♦s ❡♥ ❧❛ ❞❡s✐❣✉❛❧✲
❞❛❞❡ ❛rr✐❜❛ ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛t✐✈❛✿

ν2

2

∫ 1

0

|ϕ3x(t1, x)|
2dx ≤ C

∫ 1

0

|ϕ3x(t2, x)|
2dx+

C

ν2

∫ 1

0

|ϕ3x(t2, x)|
2dx

≤
C

ν2

∫ 1

0

|ϕ3x(t2, x)|
2dx,

♦s❡❛✱
∫ 1

0

|ϕ3x(t1, x)|
2dx ≤

C

ν4

∫ 1

0

|ϕ3x(t2, x)|
2dx. ✭✸✳✷✹✮

P❛r❛ ❝♦♥❝❧✉✐r ❧❛ ❞❡♠♦♥str❛❝✐ó♥ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,10)✱ ❞❡✜♥✐♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❛♣❧✐❝❛✲
❝✐ó♥

A : ϕ(t2, .) 7−→ ϕ(t1, .)

❘❡s✉❧t❛ ❞❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,11) q✉❡ A ∈ L(L2(0, 1);L2(0, 1)) ②

‖A‖L(L2(0,1);L2(0,1)) ≤ C. ✭✸✳✷✺✮

❈♦♠♦ ϕ(t1, .) ∈ S = {u ∈ H3(0, 1) : u(0) = u(1) = ux(0) = 0}✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡
P♦✐♥❝❛ré ② ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,24) s✐❣✉❡ q✉❡

‖ϕ(t1, .)‖H3(0,1) ≤ C‖ϕ3x(t1, .)‖L2(0,1) ≤
C

ν2
‖ϕ3x(t2, .)‖L2(0,1). ✭✸✳✷✻✮

✹✹



▲✉❡❣♦✱ A ∈ L(S;S) ②

‖A‖L(S;S) ≤
C

ν2
. ✭✸✳✷✼✮

P♦r ❛r❣✉♠❡♥t♦s ❝❧ás✐❝♦s ❞❡ ✐♥t❡r♣♦❧❛❝✐ó♥ t❡♥❡♠♦s q✉❡

A ∈ L
(
(S, L2(0, 1))[θ]; (S, L

2(0, 1))[θ]
)
,

②
‖A‖L((S,L2(0,1))[θ];(S,L

2(0,1))[θ]) ≤ C‖A‖1−θ
L(S;S)‖A‖

θ
L(L2(0,1);L2(0,1))

♣❛r❛ t♦❞♦ θ ∈ [0, 1]✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ θ =
2

3
r❡s✉❧t❛ q✉❡ A ∈ L(H1

0 (0, 1), H
1
0 (0, 1)) ②

♣♦r ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (3,25) ② (3,27) ♦❜t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛t✐✈❛✿

‖A‖L(H1
0 (0,1),H

1
0 (0,1))

≤ C‖A‖1/3L(S;S)‖A‖
2/3

L(L2(0,1);L2(0,1)) ≤
C

ν2/3
. ✭✸✳✷✽✮

▲✉❡❣♦✱

‖Aϕ(t2, .)‖H1
0 (0,1)

≤ ‖A‖L(H1
0 (0,1),H

1
0 (0,1))

‖ϕ(t2, .)‖H1
0 (0,1)

≤
C

ν2/3
‖ϕ(t2, .)‖H1

0 (0,1)
, ✭✸✳✷✾✮

❧♦ q✉❡ ♥♦s ❣❛r❛♥t✐③❛ q✉❡
∫ 1

0

|ϕx(t1, x)|
2dx ≤

C

ν4/3

∫ 1

0

|ϕx(t2, x)|
2dx, 0 ≤ t1 ≤ t2 ≤ T,

❞❡♠♦♥str❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,10)✳

❱❛♠♦s ❛ s✉♣♦♥❡r q✉❡
∫ 1

0

|ϕx(0, x)|
2dx ≤ C∗

∫ T

0

|ϕxx(t, 0)|
2 dt, ✭✸✳✸✵✮

❞♦♥❞❡

C∗ = exp

{
C̃|M |1/2

ν1/2

(
1 +

1

T 1/2|M |1/2

)}
✭✸✳✸✶✮

♣❛r❛ ❛❧❣✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C̃✱ q✉❡ ❞❡♣❡♥❞❡ ❞❡ T ✱ ❝♦♥ ν s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦ ❡♥
t❡r♠✐♥♦s ❞❡ M ✳

❙❡❛ ϕ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❛❞❥✉♥t♦ (3,1)✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ (2,1) ♣♦r ϕ ❡
✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡♥ (0, T )× (0, 1), ♦❜t❡♥❡♠♦s

∫ 1

0

(y(T, x)ϕ0 − y0ϕ1)dx− ν

∫ T

0

v1ϕxx(t, 0)dt = 0, ✭✸✳✸✷✮

✹✺



❞♦♥❞❡ ϕ1 = ϕ(0, .) ∈ H1
0 (0, 1) ② v1 ∈ L2(0, T )✳ ❊s❛ ✐❞❡♥t✐❞❛❞❡ ♥♦s ❞✐❝❡ q✉❡ ❡❧ ❞❛t♦ ✐♥✐❝✐❛❧

y0 ∈ H−1(0, 1) ❡s ❝♦♥tr♦❧❛❜❧❡ ❛ ❝❡r♦❀ ❡s ❞❡❝✐r✱ y(T, x) = 0 ❡♥ (0, 1) s✐✱ ❡ s♦❧❛♠❡♥t❡ s✐✱ ❡①✐st❡
v1 ∈ L2(0, T )✱ t❛❧ q✉❡

∫ 1

0

y0ϕ1dx+ ν

∫ T

0

v1ϕxx(t, 0)dt = 0. ✭✸✳✸✸✮

❈♦♥s✐❞❡r❡♠♦s ❡❧ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛❧

J : H1
0 (0, 1) −→ R

J (ϕ1) =
ν

2

∫ T

0

|ϕxx(t, 0)|
2 dt+

∫ 1

0

y0ϕ1dx.

❙❡ ❡❧ ❢✉♥❝✐♦♥❛❧ J ❛❧❝❛♥③❛ s✉ ✈❛❧♦r ♠í♥✐♠♦ ❡♥ ϕ1✱ ❡♥t♦♥❝❡s

0 = ĺım
h→0

(J (ϕ1 + hψ1)− J (ϕ1))

h
=

∫ 1

0

y0ψ1dx+ ν

∫ T

0

ϕxx(t, 0)ψxx(t, 0)dt, ✭✸✳✸✹✮

♣❛r❛ t♦❞♦ ψ1 = ψ(0, .) ∈ H1
0 (0, 1) ❞♦♥❞❡ ψ ❡s s♦❧✉❝✐ó♥ ❞❡ (3,1)✳ ▲✉❡❣♦✱ t♦♠❛♥❞♦ v1 =

ϕxx(., 0)✱ t❡♥❡♠♦s q✉❡ (3,33) s❡ ✈❡r✐✜❝❛ ② y0 ❡s ❝♦♥tr♦❧❛❜❧❡ ❛ ❝❡r♦✳

P❛r❛ ♠♦str❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ♠í♥✐♠♦ ❜❛st❛ ✈❡r✐✜❝❛r q✉❡ ❡❧ ❢✉♥❝✐♦♥❛❧ J ❡s ❝♦♥✈❡①♦✱
❝♦♥t✐♥✉♦ ② ❝♦❡r❝✐✈♦ ❡♥ H1

0 (0, 1)✳ ❊❧ ❤❡❝❤♦ ❞❡ s❡r ❝♦♥✈❡①♦ ② ❝♦♥t✐♥✉♦ ❡s tr✐✈✐❛❧✳ ❇❛st❛
✈❡r✐✜❝❛r q✉❡ J ❡s ❝♦❡r❝✐✈♦✳ ❊♥ ❡❢❡❝t♦✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,30) ♦❜t❡♥❡♠♦s

J (ϕ1) ≥
ν

2C∗

∫ 1

0

|ϕx(0, x)|
2dx− ‖y0‖H−1(0,1)‖ϕ1‖H1

0 (0,1)

=
ν

2C∗
‖ϕ1‖

2
H1

0 (0,1)
− ‖y0‖H−1(0,1)‖ϕ1‖H1

0 (0,1)
. ✭✸✳✸✺✮

❆sí✱ ĺım‖ϕ1‖H1
0(0,1)

→+∞ J (ϕ1) = ∞✳ ▲✉❡❣♦✱ J ❡s ❝♦❡r❝✐✈❛✳ ❆❞❡♠ás✱ t♦♠❛♥❞♦ v1 = ϕxx(., 0) ∈

L2(0, T ) ❡♥ ❧❛ ✐❞❡♥t✐❞❛❞ (3,33) ② ❛♣❧✐❝❛♥❞♦ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,30) ♦❜t❡♥❡♠♦s

ν

∫ T

0

|v1|
2dt = −

∫ 1

0

y0ϕ1dx ≤ ‖y0‖H−1(0,1)‖ϕ1‖H1
0 (0,1)

≤ ‖y0‖H−1(0,1)

(
C∗

∫ T

0

|ϕxx(t, 0)|
2 dt

)1/2

= ‖y0‖H−1(0,1)

(
C∗

∫ T

0

|v1|
2dt

)1/2

.

P♦r ❧♦ t❛♥t♦✱

‖v1‖L2(0,T ) ≤
C∗

ν
‖y0‖H−1(0,1). ✭✸✳✸✻✮

✹✻



P❛r❛ ❝♦♥❝❧✉✐r ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✶✺ só❧♦ ❢❛❧t❛ ✈❡r✐✜❝❛r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,30)✳
❉❡ ❧❛ ❞❡s✐❣✉❛❧❞❛❞ (3,7) ♦❜t❡♥❡♠♦s ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱ t❛❧ q✉❡

∫ 2T0
3

T0
3

∫ 1

0

|ϕx|
2 dxdt ≤

CT0
2

s2
eCs/T0

∫ T0

0

|ϕxx(t, 0)|
2 dt. ✭✸✳✸✼✮

❉❡ (3,10) s✐❣✉❡ q✉❡ ∫ 1

0

|ϕx(0, x)|
2dx ≤

C

ν4/3

∫ 1

0

|ϕx(t, x)|
2dx. ✭✸✳✸✽✮

❈♦♠❜✐♥❛♥❞♦ ❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s (3,37) ② (3,38)✱ t❡♥❡♠♦s q✉❡
∫ 1

0

|ϕx(0, x)|
2dx ≤

C

ν4/3T0

(
T0
s

)2

eCs/T0

∫ T0

0

|ϕxx(t, 0)|
2 dt. ✭✸✳✸✾✮

❊♥ (3,3)✱ ❝♦♥s✐❞❡r❡♠♦s s = C(T0 + T
1
2
0 + T0 |M |

1
2 ν

1
2 )✳ ❆sí✱

(
T0
s

)2

≤ T0✱ ❞❡ ❞♦♥❞❡

∫ 1

0

|ϕx(0, x)|
2dx ≤

C

ν4/3
eCs/T0

∫ T0

0

|ϕxx(t, 0)|
2 dt. ✭✸✳✹✵✮

❈♦♠♦
s

T0
=

{
C|M |1/2

ν1/2

(
1 +

1

T 1/2|M |1/2

)
+ C

}
✱ ♣❛r❛ ν = ν(|M |) s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡ñ♦✱ t❛❧ q✉❡

(
|M |

ν

)1/2

s❡❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦❜t❡♠♦s q✉❡

C ≤
C|M |1/2

ν1/2

(
1 +

1

T 1/2|M |1/2

)
.

▲✉❡❣♦✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C4✱ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ν✱ |M | ② y0 t❛❧ q✉❡

Cs

T0
≤
C4|M |1/2

ν1/2

(
1 +

1

T 1/2|M |1/2

)
.

P♦r ❧♦ t❛♥t♦✱ ❡♥ (3,40) s✐❣✉❡ q✉❡

∫ 1

0

|ϕx(0, x)|
2dx ≤

C

ν4/3
e

C4|M|1/2

ν1/2

(
1+ 1

T1/2|M|1/2

) ∫ T0

0

|ϕxx(t, 0)|
2 dt. ✭✸✳✹✶✮

❆❞❡♠ás✱ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C∗
4 t❛❧ q✉❡

1

ν4/3
e

C4|M|1/2

ν1/2

(
1+ 1

T1/2|M|1/2

)

≤ e
C∗
4 |M|1/2

ν1/2

(
1+ 1

T1/2|M|1/2

)

. ✭✸✳✹✷✮

❆sí✱ ❝♦♠❜✐♥❛♥❞♦ (3,41) ② (3,42) s❡ ♦❜t✐❡♥❡ (3,30)✳

❋✐♥❛❧♠❡♥t❡✱ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❡s ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥tr♦❧ ❡①❛❝t♦ ♣❛r❛ ❡❧ s✐st❡♠❛ (2,1)
❞♦♥❞❡ M ❡s ✉♥❛ ❝♦♥st❛♥t❡✳

✹✼



❚❡♦r❡♠❛ ✶✻✳ ❙❡❛ M ✉♥❛ ❝♦♥st❛♥t❡ ② ν > 0 ✜❥♦✳ ❊♥t♦♥❝❡s✱ ♣❛r❛ ❝❛❞❛ y0, y1 ∈ L2(0, 1)✱
❡①✐st❡♥ v1 ② v2 ❡♥ L2(0, T )✱ t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ y ∈ Y0 ❞❡ (2,1) ❝♦♥ v3 = 0 s❛t✐s❢❛❝❡
y|t=T = y1 ❡♥ (0, 1).

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ y1 ∈ L2(0, 1) t❡♥❡♠♦s q✉❡ y1,x ∈ H−1(0, 1)✳ ❙❡❛ ❛❤♦r❛ h ∈ Y0
s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛





ht + νhxxx +Mhx = 0 ❡♥(0, T )× (0, 1)

h |x=0= h |x=1= hx |x=0= 0 ❡♥ (0, T )

h |t=T= y1,x ❡♥ (0, 1).

✭✸✳✹✸✮

▲❛ ❡①✐st❡♥❝✐❛ ② r❡❣✉❧❛r✐❞❛❞ ❞❡ h s♦♥ ❞❛❞❛s ♣♦r ❧❛ Pr♦♣♦s✐çã♦ ✶✽✳ ❉❡✜♥✐♠♦s

z(t, x) =

∫ x

0

h(t, s)ds.

❈♦♠♦ zx(t, x) = h(t, x) ∈ L2(0, T ;L2(0, 1))✱ ❡♥t♦♥❝❡s z ∈ L2(0, T ;H1(0, 1))✳ P♦r ❧❛ ❞❡✲
s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r ♦❜t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛t✐✈❛✿

‖z(t)‖2L2(0,1) =

∫ 1

0

∣∣∣∣
∫ x

0

h(t, s)ds

∣∣∣∣
2

dx ≤

∫ 1

0

∣∣∣∣∣

(∫ x

0

|h(t, s)|2ds

)1/2(∫ x

0

ds

)1/2
∣∣∣∣∣

2

dx

=

∫ 1

0

(∫ x

0

|h(t, s)|2ds

)(∫ x

0

ds

)
dx ≤ ‖h(t)‖2L2(0,1

∫ 1

0

xdx

≤ ‖h(t)‖2L2(0,1.

❆sí✱ z ∈ C0([0, T ];L2(0, 1))✳ ▲✉❡❣♦ z ∈ Y1/4✳ ❉❡✜♥✐♠♦s

{
c := zt + νzxxx +Mzx ❡♥ D′((0, T )× (0, 1))

d := y1 − z|t=T , ❡♥ L2(0, 1).
✭✸✳✹✹✮

▲✉❡❣♦✱ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ (3,43) r❡s✉❧t❛ q✉❡

cx = ht + νhxxx +Mhx = 0 ; dx = y1,x − zx|t=T = y1,x − h|t=T = 0, ✭✸✳✹✺✮

②✱ ♣♦r ❧♦ t❛♥t♦✱ c(t, x) = c(t) ❡♥ D′((0, T )× (0, 1)) ② d = constante✳

❈♦♠♦ zx(t, x) = h(t, x) ∈ L2(0, T ;L2(0, 1))✱ ♣♦r ❧❛s ✐♥♠❡rs✐♦♥❡s

L2(0, T ;L2(0, 1)) →֒ L2(0, T ;H−1(0, 1)) →֒ L2(0, T ;H−2(0, 1)) →֒ L2(0, T ;H−3(0, 1)),

♦❜t❡♥❡♠♦s q✉❡

✹✽







zxx = hx ∈ L2(0, T ;H−1(0, 1)),

zxxx = hxx ∈ L2(0, T ;H−2(0, 1)),

hxxx ∈ L2(0, T ;H−3(0, 1)).

✭✸✳✹✻✮

▲✉❡❣♦✱





ht = −νhxxx −Mhx ∈ L2(0, T ;H−3(0, 1)),

zxxx = hxx ∈ L2(0, T ;H−2(0, 1)),

zt =
∫ x

0
ht(t, s)ds ∈ L2(0, T ;H−2(0, 1)),

c = zt + νhxx +Mh ∈ L2(0, T ;H−2(0, 1)).

✭✸✳✹✼✮

❈♦♠♦ c só❧♦ ❞❡♣❡♥❞❡ ❞❡❧ t✐❡♠♣♦✱ t❡♥❡♠♦s q✉❡ c ∈ L2(0, T )✳ ■♥tr♦❞✉❝✐♠♦s

g(t) = d+

∫ T

t

c(s)ds, ✭✸✳✹✽✮

② ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r s❡ t✐❡♥❡ ❧❛ s✐❣✉✐❡♥t❡ ❡st✐♠❛t✐✈❛✿

|g(t)| ≤ |d|+ T 1/2‖c‖L2(t,T ), ♣❛r❛ t♦❞♦ t ∈ [0, T ].

❆sí✱ g ∈ C0[0, T ]✳ ◆✉❡✈❛♠❡♥t❡✱ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ❞❡ ❍ö❧❞❡r✱ ❝♦♥❝❧✉í♠♦s q✉❡

∫ T

0

|g(t)|2dt ≤ 2d2T + 2T

∫ T

0

(∫ T

t

|c(s)|ds

)2

dt ≤ 2d2T + 2T 2‖c‖2L2(0,T ). ✭✸✳✹✾✮

▲✉❡❣♦✱
g ∈ L2(0, T ;H1(0, 1)) ∩ C0([0, T ];L2(0, 1)) = Y1/4.

❉❡✜♥✐❡♥❞♦
ỹ = z + g ∈ Y1/4,

❞❡ (3,43)✱ (3,44) ② (3,46) s❡ ♦❜t✐❡♥❡

ỹx = zx = h ; ỹxxx = hxx ; ỹx|x=1 = h(t, 1) = 0 ; ✭✸✳✺✵✮

ỹt = zt + gt = zt − c = −νzxxx −Mzx = −νhxx −Mh = −νỹxxx −Mỹx ✭✸✳✺✶✮

ỹ|t=0 = ỹ0, ❞♦♥❞❡ ỹ0 = z|t=0 − g(0) ∈ L2(0, 1). ✭✸✳✺✷✮

❈♦♠♦
∫ T

0

|z(t, 1)|2dt ≤

∫ T

0

(∫ 1

0

|h(t, s)|ds

)2

dt ≤ ‖h‖2L2(0,T ;L2(0,1)), ✭✸✳✺✸✮

✹✾



❡♥t♦♥❝❡s

ṽ1 := ỹ|x=0 = z|x=0 + g = g ∈ L2(0, T ) ✭✸✳✺✹✮

②

ṽ2 := ỹ|x=1 = z|x=1 + g ∈ L2(0, T ). ✭✸✳✺✺✮

❆❞❡♠ás✱ ❞❡ (3,44) t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ✐❣✉❛❧❞❛❞✿

ỹ(T, x) = z(T, x) + g(T ) = z(T, x) + d = z(T, x) + y1(x)− z(T, x) = y1(x). ✭✸✳✺✻✮

P♦r ❧♦ t❛♥t♦✱ ❞❡ (3,50)✱ (3,51)✱ (3,52)✱ (3,54)✱ (3,55) ② (3,56) ❡①✐st❡♥ ỹ0 ∈ L2(0, 1) ②
❝♦♥tr♦❧❡s ṽ1, ṽ2 ∈ L2(0, T )✱ t❛❧❡s q✉❡ ❧❛ s♦❧✉❝✐ó♥ ỹ ∈ Y1/4 ❞❡





ỹt + νỹxxx +Mỹx = 0 ❡♥ (0, T )× (0, 1)

ỹ |x=0= ṽ1, ỹ |x=1= ṽ2, ỹx |x=1= 0 ❡♥ (0, T )

ỹ |t=0= ỹ0 ❡♥(0, 1),

✭✸✳✺✼✮

s❛t✐s❢❛❝❡
ỹ(T, x) = y1(x).

❈♦♠♦ ỹ0 − y0 ∈ L2(0, 1) ❡♥t♦♥❝❡s✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✺✱ ❡①✐st❡ ✉♥ ❝♦♥tr♦❧ v̂1 ∈ L2(0, T )✱
t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ŷ ∈ Y0 ❞❡





ŷt + νŷxxx +Mŷx = 0 ❡♥ (0, T )× (0, 1)

ŷ |x=0= v̂1, ŷ |x=1= ŷx|x=1 = 0 ❡♥ (0, T )

ŷ |t=0= ŷ0 := ỹ0 − y0 ❡♥ (0, 1),

✭✸✳✺✽✮

s❛t✐s❢❛❝❡
ŷ |t=T= 0 ❡♥ (0, 1).

❉❡✜♥✐♠♦s
y = ỹ − ŷ ∈ Y0.

❋✐♥❛❧♠❡♥t❡✱ ❞❡ (3,57) ② (3,58) t❡♥❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ y0, y1 ∈ L2(0, 1)✱ ❡①✐st❡♥ v1 = ṽ1− v̂1
② v2 = ṽ2 ❡♥ L2(0, T )✱ t❛❧ q✉❡ ❧❛ s♦❧✉❝✐ó♥ y ∈ Y0 ❞❡





yt + νyxxx +Myx = 0 ❡♥(0, T )× (0, 1)

y |x=0= v1, y |x=1= v2, yx|x=1 = 0 ❡♥ (0, T )

y |t=0= ỹ0 − ŷ0 = y0 ❡♥ (0, 1),

✭✸✳✺✾✮

s❛t✐s❢❛❝❡
y|t=T = (ỹ − ŷ) |t=T = y1 ❡♥ (0, 1).

✺✵



❇✐❜❧✐♦❣r❛❢í❛

❬✶❪ ●✳ ❇✳ ❆✐r②✱ ❚✐❞❡s ❛♥❞ ✇❛✈❡s✳ ❊♥❝②❝❧♦♣❡❞✐❛ ▼❡tr♦♣♦❧✐t❛♥❛ ✺ ✶✽✹✶✳

❬✷❪ ❍✳❇r❡③✐s✱ ❆♥❛❧②s❡ ❋♦♥❝t✐♦♥❡❧❧❡✱ ❚❤é♦r✐❡ ❡t ❆♣♣❧✐❝❛t✐♦♥s✱ ▼❛s♦♥ P❛r✐s✱ ✶✾✽✸

❬✸❪ ❏✳ ❇♦♥❛✱ ❙✳▼✳ ❙✉♥ ❛♥❞ ❇✳ ❨✳ ❩❤❛♥❣✱ ❆ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r②✲✈❛❧❡✉ ♣r♦❜❧❡♠
❢♦r t❤❡ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥ ♣♦s❡❞ ♦♥ ❛ ✜♥✐t❡ ❞♦♠❛✐♥✱ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐❢✲
❢❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✽✭✼✲✽✮✭✷✵✵✸✮✱ ✶✸✾✶✲✶✹✸✻✳
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